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Abs tract
We pre sent a trophic chain mo del that des cri bes the in va sion of Lem na obs cu ra (a duckwe -

ed) in Lake Ma ra cai bo. We con si der a prey (the Lem na), with a pre da tor (a her bi vo re), and we in -
clu de an ex pli cit equa tion for a nu trient. It is no tewor thy that our mo del does not pre sent some
we ll- known pa ra do xes such as Ro sen zweig’s en richment pa ra dox, and Luck’s uns ta ble low
prey pa ra dox. We find that both sta ble nu trient and Lem na equi li brium po pu la tions are pro por -
tio nal for small nu trient in flux. For higher flux input, the Lem na po pu la tion grows li near ly with
nu trients, but a sta ble pre da tor po pu la tion re qui res a threshold nu trient den sity. We suggest
that the huge amounts of Lem na in Lake Ma ra cai bo could be pro fi ta ble as an im por tant pro tein
sour ce for ma nu fac tu re of ma nu re, and also for ani mal and/or hu man nu tri tion.

Key words: hu man pro fi ta bi lity; pre da tor; prey; pa ra dox, pro tein sour ce; trophic chain.

Un mo de lo de ca de na tró fi ca, con la in clu sión
de un nu trien te, una pre sa y un de pre da dor apli ca do

al eco sis te ma del lago de Ma ra cai bo

Re su men
Se pre sen ta un mo de lo de ca de na tró fi ca que des cri be la in va sión de Lem na obs cu ra (una

len te ja de agua) en el lago de Ma ra cai bo. Se con si de ra una pre sa (la Lem na) y un de pre da dor (un
her bí vo ro), y se in clu ye una ecua ción ex plí ci ta para el nu trien te. Una ca rac te rís ti ca im por tan te de 
nues tro mo de lo es que este no pre sen ta la pa ra do ja de en ri que ci mien to de Ro sen zweig, ni la pa ra -
do ja de au sen cia de po bla ción pe que ña es ta ble de pre sa de Luck. Se en cuen tra que las po bla cio -
nes es ta bles de pre sa y nu trien te son pro por cio na les para con cen tra cio nes pe que ñas de este.
Para con cen tra cio nes ma yo res del nu trien te, la po bla ción de Lem na cre ce li neal men te con el flu jo
de in gre so de nu trien tes; sin em bar go, la exis ten cia de una po bla ción es ta ble del de pre da dor re -
quie re una den si dad um bral del nu trien te y, por lo tan to, de pre sa. Se su gie re que las in gen tes
can ti da des de Lem na que exis ten en el lago de Ma ra cai bo po drían ser apro ve cha das como fuen te
im por tan te de pro teí nas en la fa bri ca ción de abo nos y tam bién en nu tri ción ani mal y hu ma na.

Pa la bras cla ve: Apro ve cha mien to hu ma no; ca de na tró fi ca; de pre da dor; fuen te de
pro teí nas; pa ra do ja; pre sa.
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In tro duc tion

Lemna or duck weed is a plant of the
araceaus or der, fam ily lem na ceae, with 6
gen res and 38 spe cies. This or der in cludes
the ti ni est ex ist ing flow er ing plants. They
can re pro duce them selves sexu ally by
polini za tion, or asexu ally, by ge ma tion.
Many spe cies re sem ble lit tle green shav ings. 
They live in tropi cal or sub tropi cal en vi ron -
ments and a great number of va rie ties ex ist
in Vene zuela (1). They feed on ni tro gen and
phos phate wastes taken up from pol luted
wa ter (2, 3, 4, 5) and they pro duce big
amount of bio mass (6, 7, 8). Duck weed is an
im por tant source of es sen tial amino ac ids,
and there are de tailed stud ies on its utili za -
tion as ani mal food stuff (9, 10, and the ref er -
ences therein). Duck weeds are very sen si -
tive to some toxics (11, 12), and they are cur -
rently used in bio as says for meas ur ing the
pol lu tion level of fresh wa ter res er voirs and
the ex is tence in a re gion of dan ger ous
chemi cal com pounds (13, 14, 15). Lemna
growth de pends also on sea sonal daily ra -
dia tion, and their ap pear ance usu ally co in -
cides with the sun ni est months each year.
Un con trolled duck weed growth may lead to
fresh wa ter eutro phi za tion. Dur ing the first
half of 2004, a Lemna patch cov ered an im -
por tant por tion of the sur face of Lake Ma ra -
caibo. Duck weed epi sodes have been re -
peated in 2005 y 2006. Lake Ma ra caibo has
an ap proxi mate area of 13.300 Km2, and a
vol ume of 280 mil lion cu bic me ters, a large
part of which is heav ily de graded. The mag -
ni tude of the duck weed in va sion suf fered by
the larg est fresh wa ter vol ume in South
Amer ica caught our in ter est, and we de vel -
oped a model de scrib ing duck weed be hav -
ior, with the in clu sion on nu tri ents, and a
preda tor feed ing from it. We pro pose a very
sim ple, three level tro phic chain, each one
de scribed by a cou pled dif fer en tial equa tion.

There is a good deal of lit era ture on tro -
phic chains, and we limit our selves to men -
tion only some of them, deal ing with sta bil ity
and bi fur ca tion analy sis (16, 17), and with
cha otic be hav ior (18). Sta bil ity, asymp toti cal

be hav ior and ex tinc tion sce nar ios, in par ticu -
lar mu tual ex tinc tion and a dis agree ment with 
the Luck low den sity para dox, are dis cussed
in (19), (the ex is tence of a well be haved equi -
lib rium point is also proved in that work). Ex -
is tence of equi lib rium points, sta bil ity and de -
ter mi na tion of phase pic tures are dealt with in 
(20), but in that work nu meri cal re stric tions
are im posed on the pa rame ters rul ing the sys -
tem. A ques tion re mains as to the phe nome -
nol ogi cal jus ti fi ca tion for the in clu sion in
those ar ti cles of a Mi chaelis-Me nten type re -
sponse. For a study of ex ploi ta tion eco sys tems 
based on preda tor and prey iso clines, see (21)
and the ref er ences therein. A study of a tro -
phic chain of n se quen tially in ter ac tive ele -
ments, each one de scribed by an or di nary dif -
fer en tial equa tion, is per formed in (22). In that 
ar ti cle, the authors spec ify some lim it ing con -
di tions on each equa tion de ter min ing an in -
ter ac tion be tween each pair of con secu tive
terms, af ter that, they can make pre dic tions
for their sys tem global sta bil ity. An ar bi trar ily
long food chain is de scribed in (23). The
authors now im pose uni form ity hy pothe sis for 
the in ter ac tion func tions that they use. That
ap proach al lows them to study their sys tem
sta bil ity with out re strict ing the predator- prey
in ter ac tion to any spe cific func tional form.
Vali da tion of mod els us ing real data as so ci -
ated with them is a less stud ied sub ject, ref er -
ence (19) be ing an ex cep tion to this. A very
com plex model for Lake Za potlán (Mex ico) was 
re cently pre sented (24). That pa per in cludes a
care ful pa rame ter evalua tion, but the very
com pli cated sys tem of dif fer en tial equa tions
pre vents the authors from any quali ta tive (in
the mathe mati cal sense) and/or lin ear analy -
sis of their sys tem. Other re search ers (25) as -
sume the ex is tence and sta bil ity of a posi tive
equi lib rium point (a equi lib rium point is
termed posi tive if all its com po nents are posi -
tive), af ter that the de sired study is car ried out
(sen si bil ity to mor tal ity of their hy po theti cal
equi lib rium point and adap ta tive changes of
the model tro phic lev els).

Given a tro phic chain model, it is a
lengthy and cum ber some pro cess to find its
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equi lib rium points and to dis cuss the sta bil -
ity of each one. The dif fi culty is linked to
solve one at least grade- three al ge braic
equa tion. Many re search ers avoid deal ing
with such a sub ject, but in stead im pose
well-known re stric tions to the para met ric
func tions de scrib ing the in ter ac tion among
their sys tems di verse com po nents, these
con di tions as suring the sta bil ity of the as -
sumed posi tive equi lib rium point, if it ex ists. 
A word is nec es sary on the in trin sic stiff ness 
of such well- behaved sys tems.

In this pa per, we de scribe the tem po ral
evo lu tion of a tro phic chain un der con di -
tions as so ci ated with vari ous lev els of nu tri -
ent, com men sal, and preda tor, and their
growth and de cay rates. We find the de pend -
ence of the equi lib rium and sta bil ity con cen -
tra tions, on the pa rame ters rul ing the men -
tioned in ter ac tions, we sum ma rize our find -
ings in three theo rems, and then we sug gest
some ap pli ca tions for our model. The re -
main der of the pa per is as fol lows: we de fine
in part 2 the vari ables and pa rame ters de -
scrib ing our sys tem, in part 3, we study the
equi lib rium and sta bil ity of the sys tem, and
we pres ent our theo rems, in part 4, we dis -
play some graph ics il lus trat ing the re sults of 
the prece dent chap ter. In part 5, we dis cuss
our re sults, and fi nally, in part 6 we pres ent
our con clu sions. Ad di tion ally, some mathe -
mati cal de tails are out lined in the Ap pen dix.

Sys tem
We in tro duce here the dif fer en tial

equa tions rul ing our sys tem. Vari able X rep -
re sents the duck weed; vari able  stands for
the nu tri ent; and vari able Z rep re sents a
her bi vore as preda tor (ti lapia, a fish, for in -
stance) ca pa ble of con trol ling Lemna
growth; fi nally, time is rep re sented by t. All
vari ables and pa rame ters in this sys tem al -
ways have non- negative val ues. We sepa -
rately dis cuss in the fol low ing the dif fer en -
tial equa tion for each vari able. Lemna, X,
grows feed ing on the nu tri ent, Y, at a rate 
a XY1 , duck weed growth is lim ited in a lo gis -
tic way (Pearl- Verhulst) -a X2

2, and her bi -

vore (top preda tor), Z, feeds on the Lemna
and this in ter ac tion pro duces an ad di tional
de cay -a XZ3 , where, a1, a 2, and a 3  are the
re spec tive rul ing dy nami cal co ef fi cients.
There fore, the tem po ral evo lu tion for duck -
weed is given by:

dX

d
a XY a X a XZ

t
= - -1 2

2
3 [1]

Nu tri ent, Y, is poured into the wa ter at a 
rate b1; it de grades down af ter a time b 2

1- ,
and duck weed takes it at a rate b XY3 , with 
b 3  as the dy nami cal in ter ac tion co ef fi cient.
The equa tion for the nu tri ent is then:

dY

d
b b Y b XY

t
= - -1 2 3 [2]

Her bi vo re growth rate is pro por tio nal to 
the duckwe ed up ta ke e XZ1 , with e1 as the
dyna mi cal asso cia ted coe ffi cient. Her bi vo res 
die af ter a time e2

1- . Then Z beha ves as:

dZ

d
e XZ e Z

t
= -1 2 [3]

Note that in a real in ter ac tion, all the
co ef fi cients in our equa tions are not con -
stant but vari ables that de pend in a com plex
way on fac tors such as nu tri ent con cen tra -
tion, wa ter tem pera ture and sa lin ity, daily
so lar ra dia tion, pres ence of oli gosiner gic fac -
tors, etc.

We now in tro du ce the chan ges:

t b x
b

b
X z

a

b
Z= = =2

3

2

3

2

t; ; ;

a1
1

2

=
a

b
;   a2

2

3

=
b

a
;    b =

b

b
1

2

;     g =
e

b
1

3

;    w =
e

b
2

2

And our sys tem re du ces to:

dx

dt
xy x xz x= - - ³a a1 2

2 0; , [4]

dy

dt
y xy y= - - ³b ; 0 [5]
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dz

dt
xz z z= - ³g w ; 0, [6]

Where a1 0³ , a2 0> , b >0, g >0, w >0
are the pa rame ters rul ing the in ter ac tions
among the di verse ele ments of the sys tem.

We ob serve that z
dz

dt
= ® =0 0; this fact

means that when z t( ) takes this value, it re -
mains un changed un less ad di tion ally per -
turbed, and simi lar state ments can be made 

for x t x
dx

dt
( )( )= ® =0 0 , while y

dy

dt
= ® >0 0, 

then it is im me di ate that sys tem [4] to [6]
stays in the first oc tant of the space if it is
ini tially there. There fore our study is lim ited
to points in this space (points with bio logi cal 
mean ing).

Equi li brium points and their
sta bi lity

1. Gen eral. Equi lib rium points for our
sys tem are found by equat ing to zero the
right hand side of equa tions [4] to [6]. As -
ymp totic sta bil ity is dis cussed by line ari za -
tion and evalua tion of the ei gen val ues of the
as so ci ated Ja cobi ma trix. We use the
Routh- Hurwitz cri te rion for evalua tion of
the ei gen val ues signs, (26) and Cen tral
Mani fold The ory, (27) when nec es sary (null
ei gen val ues). For mathe mati cal de tails, see
the Ap pen dix.

2. Equi lib rium points. In the fol low -
ing, we use a su per in dex as ter isk for de not -
ing the re spec tive vari able equi lib rium val -
ues. Our sys tem has three equi lib rium
points, and we call the null equi lib rium
point P0 , that one hav ing no Lemna popu la -
tion. Then,

P x y z0 0 0 0 0 0( , , ) ( , , )* * * = b [7]

This point is un sta ble if a1 0> . If a2 0= , 
or b = 0, there are no more equi lib rium
points, but then P0  is sta ble (this is shown by 
simi lar meth ods to that used in the Ap pen -
dix). The fol low ing equi lib rium point, P1, is
given by:

P x y z x x1 1 1 1 1
2

1
1 0( , , ) ( , , )* * * *+ =

a

a
[8]

x1 1 2

1
2

1
2

1 4* /= - + + a b a  and x1
* ¹

w

g
[9]

(observe that P1 re duces to (
a

a
b b1

2

0, , ) for 

a

a
b1

2

1<< ). P1 is sta ble if x1
* <

w

g
, and un sta -

ble if x1
* >

w

g
.

If x1
* >

w

g
, the sys tem has a last equi lib -

rium point, PG , which we call the gen eral
point be cause it holds the three non- null
vari ables x y z, , , Lemna, nu tri ent, and preda -
tor. This point is given by:

P x y z
G G G G
( , , ) ( ,

/
,

/
)* * * =

+ +
-

w

g

b

w g

a b

w g
a

w

g1 1
1

2
[10]

PG  is always sta ble. Now we de fi ne:

b
a w

a g

w

gm º +2

1

1( ), [11]

When b b< m Gz,  (and there fore PG ) does 
not ex ist. Then b b= m  is the con di tion of ap -
pear ance for the preda tor (thresh old con di -
tion). An equiva lent state ment of this fact is: 

b b< m  im plies 0
2

1 1
42

1

1

2

< < + +
æ

è

ç
ç

ö

ø

÷
÷

g

w

a

a b

a b

a
.

As g is den sity preda tor growth rate for unity
of prey at tacked, and w-1 is preda tor mean

life time, then 
g

w
 is pro por tional to the preda -

tor’s den sity life time in crease. There fore, we
con clude that if a preda tor has a re pro duc -
tion rate too low, it faces ex tinc tion.

Note that: I) the equi lib rium con cen tra -
tion zG

*  grows line arly with b. II) zG
*  can be

null ir re spec tive of large val ues of nu tri ent
and duck weed. III) a bi fur ca tion oc curs at 

x1
* =

w

g
, be cause at that value of x the sys tem 

evolves from two dis tinct equi lib rium points, 
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P0 , un sta ble, and P1 sta ble, to three equi lib -
rium points, P0 , and P1, both un sta ble, and 
PG  sta ble.

3. Par ticu lar cases. The fol low ing
state ments can be eas ily veri fied by line ari -
za tion and evalua tion of the re sult ing ei gen -
val ues. If a1 1<< , there is only P0 , sta ble (
this con di tion can be in ter preted as a high
ag gres sive preda tor, as our vari able nor -
mali za tion set tled the co ef fi cient of the in ter -
ac tion predator- prey fixed as 1). If a2 1<< ,
there are P0 , un sta ble, and PG  ,sta ble. If 
a2 1>>  (very large), equa tion [4] be comes 
dx

dt
x» -a2

2, un cou pled. Then sim ple in te -

gra tion shows that x t( ) ® 0 when t ® ¥, and
like wise oc curs for y(t) , and z(t), there fore we 
have now just P0 , sta ble. If b = 0, there ex ists 
just ( , , )000 , sta ble, as equi lib rium point. If 
g <<1 (or if w ® ¥), the sys tem has two equi -
lib rium points, P0 , un sta ble, and P1, sta ble.

When 0 1< <<
w

g
, nu meri cal work re veals

tran sient os cil la tions in x be fore the sys tem
evolves to ward its re spec tive equi lib rium
point.

4. Sum mary of equi lib rium and sta -
bil ity. The re sults above are sum ma rized in
the fol low ing three theo rems:

Theo rem 1. The sys tem [4] to [6]: I) has
an un sta ble null equi lib rium point (ab sence
of duck weed, x, and her bi vore, z un less 
a1 0= , II) has a sta ble, equi lib rium point,

with no her bi vore, if x1
* £

w

g
, this point be ing

un sta ble in any other situa tion, III) has a
gen eral, non null, sta ble equi lib rium point 
PG , sta ble. If b b< m GP, does not ex ist.

Theo rem 2. The sys tem [4] to [6]: I)
has only one sta ble equi lib rium point given 
by P0 0 0= ( , , )b  in the fol low ing cases: a1 0= , 
or a2 ® ¥, or b = 0. (In the first two situa -
tions we speak of preda tor (her bi vore) ex -
tinc tion for prey (Lemna) ex haus tion, but if 
b = 0, we call the sys tem “un vi able”). II) If 
g ® 0, or if w ® ¥, the sys tem has two equi -

lib rium points, P0 , un sta ble, and P1, sta ble.
III) For the re main ing cases there ex ist the
points P0 , un sta ble, and P1, sta ble if b b< m . 
If b b> m , P0  and P1, are both un sta ble, but
now ap pears PG , sta ble.

Theo rem 3. The sys tem [4] to [6] has a

bi fur ca tion at x1
* =

w

g
 (change in the P1 equi -

lib rium point sta bil ity, from sta ble to un sta -
ble, and ap pear ance of PG , sta ble, as x1

*

grows up to 
w

g
).

The plots of equi lib rium vari ables as a
func tion of the nu tri ent in flux b are shown
in Fig ure 1. Fig ure 1-a shows that there is
al ways a sta ble, and non null equi lib rium
value for the Lemna, x * , ir re spec tive of the b
value, x1

* , for 0< <b bm , and xG
* , for b b> m .

Then at b b= m , the bi fur ca tion value for nu -
tri ent in flux, the com plex ity of the sys tem
grows (a new equi lib rium value ap pears,
and the sta bil ity of one of the former
changes). This fact rep re sents a de par ture
from re sults re ported by Grag nani et al (28), 
who found that com plex ity first grows, and
then de creases. From Fig ure 1-b, it is clear
that a mini mal con cen tra tion bm , of the nu -
tri ent is re quired for the ex is tence of a non-
 null sta ble her bi vore con cen tra tion. Note
that this con cen tra tion grows line arly with
nu tri ent flow. Then Fig ure 1 stresses that 
xG

*  and zG
*  grows with b, the nu tri ent in put.

Our sys tem does not pres ent the so- called
en rich ment para dox de scribed by Ro senz -
weig (29). How ever, it is nec es sary to point
out that such a para dox per haps stems
from a mis in ter pre ta tion.

Nu me ri cal in te gra tions
We show now some simu la tions made

with MA PLE (Wa ter loo Uni ver sity, Ca nadá).
Fig ure 2 shows a sta ble situa tion with nu tri -
ent and lemma pres ent, but with no her bi -
vore (b b< m ). Fig ure 2-a shows nu tri ent
growth, Fig ure 2-b, duck weed, and Fig ure
2-c, the her bi vore which evolves to ward its
null equi lib rium point. A phase dia gram is
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Figure 1. Plots of Lem na and her bi vo re equi li brium con cen tra tions as func tion of b, the nu trients input

into the sys tem. a) The re is always a non null, sta ble equi li brium va lue x1
*  or x

G

*  for the Lem na.

The null point x
0

*  is uns ta ble everywhe re.  b) A bi fur ca tion occurs at  b b= m , then the com ple -

xity of the sys tem grows a step at this point.  c) The equi li brium va lue z
G

 for the her bi vo re is

always sta ble, and grows li near ly with b. Thus, the pa ra dox of en richment is not pre sent in our

sys tem. Nu me ri cal va lues used in this fi gu re: a1 1= , a w g2 2= = = , and 0 7£ £b . 

Fi gu ra 2. Nu me ri cal in te gra tions for P
0
 uns ta ble, P1  sta ble, and P

G
 no ne xis tent (b b< m ). In (2-a) Lem na

evol ves toward its equi li brium sta ble point; x1
* ; in (2-b) nu trients evol ve toward y1

* . Pre da tor

beha ves li kewi se (2-c). Note that x1
*  and y1

*   are both not null, but z1 0* = , in agre e ment with

equa tions [8] and [9]. (2-d) shows the sys tem pha se pic tu re. This fi gu re exem pli fies a si tua tion

in which nu trient flux is in suffi cient to support a pre da tor. Pa ra me ter va lues used: 

a w b1 0 5= = = . , a2 1= , g = 2, and a ran domly cho sen set of di ver se ini tial con di tions.



shown in Fig ure 2-d. In Fig ure 3 we dis play a 
situa tion with P0  and P1 both un sta ble but 
PG  sta ble. Fig ure 3-a shows the nu tri ents
tem po ral be hav ior, Fig ure 3-b shows the
duck weed vs. time, Fig ure 3-c the her bi vore
vs. time, and Fig ure 3-d, the cor re spond ing
phase pic ture. We ob serve that the sys tem
evolves from its ini tial val ues to wards the
only sta ble equi lib rium point. These graphs
il lus trate the to tal agree ment be tween
mathe mati cal pre dic tions and nu meri cal
facts in our model. 

Dis cus sion
As the va lid ity of a model de pends

(among oth ers fac tors) on its agree ment with 
well- known re sults and with not pre sent ing

un sup ported para doxes, we now check our
model with those im por tant facts. We be gin
dis cuss ing mu tual ex tinc tion, a sub ject else -
where treated with a very dif fer ent model
(19). We find mu tual ex tinc tion when
a1 1<< , prey (Lemna) rate of re pro duc tion
too low (see our equa tion [9]). Note that our
vari able nor mali za tion set tled the co ef fi cient 
of the in ter ac tion predator- prey fixed as 1,
then the con di tion a1 1<< , can also be in ter -
preted as a high ag gres sive preda tor, a con -
di tion that leads to mu tual ex tinc tion. There
is also ex tinc tion when a2 ® ¥ (prey self- in -
er tia too high).There is also ex tinc tion when 
a2 ® ¥ (prey self- in er tia too high). We now
ob serve equa tion [8]. If b is enough small so
that a first or der se ries ex pan sion is valid for
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Fi gu ra 3. Numerical integrations for P
0
 and P1  both unstable, and P

G
 stable. Figure (3-a) shows nutrient

vs time, Figure (3-b), Lemna vs time, Figure (3-c), herbivore vs time, and Figure (3-d) is a  phase

picture of the system. Irrespective of the initial values, the system evolves toward its

equilibrium stable point. Note that (3-a), (3-b), and (3-c) are actually projections of a

three-dimensional system on the chosen axis, therefore these curves do not intersect each

other when displayed in space. This is easily seen in the three-dimentional phase picture of the 

system, Figure (3-d). Parameter values for this in te gra tion: a w1 0 5= = . , a b2 1= = , g = 2, and a 

randomly chosen set of diverse initial conditions. 



the square root, then y1
* = b, and x1

1

2

* =
a

a
b,

that is, nu tri ent sta ble equi lib rium con cen -
tra tion is de ter mined by its flux in put, and
Lemna sta ble equi lib rium con cen tra tion de -
pends on its growth/self- inertia ra tio times
nu tri ent flux in put (see also Fig ure 1), but
then there is no preda tor, see Fig ure (2-c).
For higher flux in put, how ever, the situa tion
is more com plex (see the equa tion [9]).
Lemna equi lib rium popu la tion, xG

* , de pends 
only on top preda tor pa rame ters. Nu tri ents, 
yG

* , grow line arly with b( )* *y yG < 1 , but a sta -

ble preda tor popu la tion re quires that
b b> m , this means that our sys tem pres ents 
a nu tri ent thresh old den sity for to tal vi abil -
ity. If our goal was full Lemna eradi ca tion,
this could be achieved by try ing a2 1>> , or 
w

g
<<1 (Theo rem 2), but these pos si bili ties

are just mathe mati cal, not bio logi cal facts
(self- inertia, growth rates, and life times are
all non- null and fi nite). An other pos si bil ity
is mak ing a1 0=  (see also Theo rem 2). This
im plies stop ping the Lemna-e nv iro nment
in ter ac tion, or high pre da tion rate. It looks
as this pos si bil ity has been al ready re peat -
edly made (par ox ys mal me chani cal Lemna
ex trac tion from the lake), but af ter each ex -
trac tion epi sode Lemna re turns. Now just
the b = 0 ap proach re mains. Lemna could be 
eradi cated stop ping the nu tri ent in flux into
the lake, and re vert ing its pol lu tion status,
an ap par ently sim ple pol icy. But as sim ple
as this ap proach seems, we think it is una -
chiev able due to the huge and di verse
sources of con tami na tion pour ing into the
lake (see 18), and also for the im plicit task of
chang ing the be hav ior of com mu ni ties lack -
ing a con ser va tion al ist cul ture. We see from
equa tion [10] and also from Fig ure 3, that a
sys tem as de scribed in equa tions [4] to [6]
can sup port a sta ble, non null equi lib rium
preda tor. Such a preda tor could be a fish (ti -
lapia, for in stance) or man, tak ing the duck -
weed (regu larly) from the lake for later use
and profit. Now we deal with para doxes:
Luck bio logi cal con trol para dox states that a 

sys tem can not have both a sta ble and low
equi lib rium den sity, but in spec tion of our
equa tion [10] shows that if both b <<1, and 
w

g
<<1, a value of the ra tio 

a

a
2

1

 can be found

so that PG  does ex ist, and it is sta ble, there -
fore our sys tem does not pres ent such para -
dox. Note also from our equa tion [10] that
preda tor abun dance is pro por tional to nu tri -
ents in put, in con tra dic tion with the Ro senz -
weig para dox (29). This author makes a geo -
met ri cal analy sis of a sys tem preda tor
(P)-prey (V), with out an ex plicit dif fer en tial
equa tion for the preda tor, and lack ing of a
null equi lib rium point (no prey, no preda tor). 
He then uses a null cline based ap proach for
dis cuss ing six mod els, all but one, Pearl-
 Verhulst (lo gis tic) or Gom pertz ian, and he
proves that the unique equi lib rium point in
his sys tems be comes un sta ble when the nu -
tri ents flux grows. Such geo met ri cal ap -
proach could be right, but we add a dif fer ent
in ter pre ta tion. Bi di men sional mod els usu -
ally have two equi lib rium points, the null
point, un sta ble for lo gis tic and Gom pertz ian
mod els, and a gen eral, not null equi lib rium
point, which sta bil ity de pends on the re la -
tions among the pa rame ters rul ing the sys -
tem. As the null equi lib rium points of the
pre vi ous cited mod els re mains un sta ble, the
ex pected con clu sion is “if nu tri ents influx in
lo gis tic or Gom pertz ian mod els grows, all
grows”. For an ad di tional dis cus sion, rooted
in Ro senz weig’s method and use ful ref er -
ences, see (22). An il lus tra tive dis cus sion on
Gom pertz ian growth can be found in (30).

Con clu sions

1) Lemna will spread to the whole re gion 
where nu tri ents ex ist, then it is nec es sary to
avoid nu tri ent ac cu mu la tion. The equi lib -
rium point be comes ar bi trar ily small by
mak ing b = 0, see equa tion [5]. Al ter na tively 
could be made small by find ing a way of
block ad ing the Lemna-n utr ient in ter ac tion,
see equa tion [4].
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2) It is well known that Lemna is very
sus cep ti ble to cer tain toxics. Not with stand -
ing, it does not seem a wise pol icy to make the
pol lu tion in the lake worse by add ing an ad di -
tional harm ful sub stance, which can stay in
so lu tion for a un known pe riod of time.

3) An al ter na tive could be the use of
preda tors (fish, wa ter birds) to con trol Lemna
growth. Preda tors should be cho sen ac cord -
ing to their hu man profit. As for eign spe cies
have a long and un for tu nate rec ord in places
where they were in tro duced as con trol, a
care ful study of risks should be per formed
be fore us ing this method. Moreo ver, a preda -
tor must meet both two si mul ta ne ous re -
quire ments: re pro duc tion rates enough high
and lim ited ef fi ciency of pre dat ing.

4) It is well known that: a) duck weeds
re duce the en vi ron mental pol lu tion if the
plants are taken from the wa ter before their
de cay re turns the not de sir able sub stances
they have gath ered, and b) duck weeds pro -
duce a large amount of high qual ity bio -
mass. There fore, Lemna crop ping could be a
mean of keep ing the wa ter qual ity high. Any
di rect hu man con sump tion should be pre -
ceded by the ade quate elimi na tion of sal mo -
nella and simi lar harm ful bac te ria from
Lemna fronds. Moreo ver, a study of heavy
met als con cen tra tion in wa ter of the lake
and on duck weed is also man da tory be fore
hu man die tary use. Al ter na tively duck -
weeds could be used as raw ma te rial in pis -
cicul ture, avian or ani mal nu tri tion, or in
fer til iz ers manu fac tur ing.

There are many stud ies deal ing with
the use of Lemna. The step to be done now is
to pro vide the cur rent Lake Ma ra caibo re -
gion in habi tants with the ap pro pri ate
knowl edge and edu ca tion to take ad van tage 
of hav ing around them a huge source of raw
ma te rial, which de mands for its use just
bend ing a lit tle bit the waist.
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Appen dix
The li nea ri za tion pro cess is ba sed on

the cal cu la tion of the Ja co bian ma trix in
each one of the equi li brium points. For sys -
tem [4] to [6] this ma trix is gi ven by:

J
X Y Z

x y z

y x z

y

z

x

x

x

x

= =

- -

- - -

-
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é

ë

¶
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g

a

g w
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( , , )

1 2 1
2
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0ê
ê
ê

ù

û

ú
ú
ú

. [A-1]

We li mit our sel ves to con si der the ge ne -
ral point PG . The ei gen va lues de ter mi nant is
gi ven by:

J

z

l

a w

g
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w

g

w

g
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w
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ø
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÷
÷
÷
÷
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= 0,

with l as the ei gen va lue, and z * , the equi li -
brium con cen tra tion of z. The cha rac te ris tic
polyno mial is:

l l
w

g
a l

a w

g

w

g

a bw

g + w
w3 2

2
2 11 1 1+ + +

é

ë
ê
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This is, a l l l3
1

2
2 3 0+ + + =a a a  type

polyno mial. The Routh- Hur witz cri te rion
sta tes that polyno mial roots have real ne ga -
ti ve part if a1 0> ; a 3 0> ; a a a1 2 3 0- >  (Sta -
ble sys tem). The ful fillment of the first two
con di tions is ve ri fied by sim ple ins pec tion, if 
z * >0. Mo reo ver 

a a a1 2 3
2 11- = + +

+

é
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ú
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z is po si ti ve if z * >0.

Un der the con di tion 
a b

g w

a w

g
1 2

+
=  and by

using the chan ges x x= -
w

g
, y y= -

a w

a g
2

1

, 

z z= , sys tem [4] to [6] can be wri tten in com -
pact form as &X BX C= + , whe re
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1 2
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[A-3].

No ti ce that each com po nent of vec tor C
is a se cond de gree polyno mial in three va ria -
bles and the same will happen with any vec -
tor that is ob tai ned by means of  P C-1 , whe re
P is a non sin gu lar cons tant ma trix. We will
use this fact la ter on. On the other hand, the
ei gen va lues of B are:

 l1 0=  and l± = - ±
A

2 2
D

,  [A-4]

whe re A = +
a w

g

a bg

a w
2 1

2

,

          D2 2 1

2

2

2

2

4= -
æ

è
çç

ö

ø
÷÷ -

æ

è
çç
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ø
÷÷

a w

g

a bg

a w
a

w

g
.

We ob ser ve that l± <0 if D2 0³  and 
Re( )l± <0 if D2 0< . Howe ver, due to l1 0= ,
we cannot reach a con clu sion on sta bi lity
im me dia tely. We will pay at ten tion to the
case D2 0³  and, in or der to ob tain in for ma -
tion con cer ning sta bi lity, a cen ter ma ni fold
approach is fo llowed. Our star ting point
con sists in con si de ring a chan ge of va ria bles 
ba sed on a de com po si tion of ma trix B, and
this dis cus sion is sub di vi ded in two ca ses:

I) D2 0> . In this case the re exists a non
sin gu lar ma trix P, such that B can be de com -
po sed as B PDP= -1, whe re D is a dia go nal
ma trix that con tains in its dia go nal the ei -
gen va lues of B. In or der to ob tain P, we use
the ei gen vec tors of B. The ei gen vec tors co -
rres pon ding to the ei gen va lue l1 0=  are:

-
+ +
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ú Î Â

a b
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a a a b
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and, the ei gen vec tors co rres pon ding to l±

are:
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Now, ta king t = +a a b2 1  in [A-5], and 
t = a1 in [A-6], the ma trix P is ob tai ned as:
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and its in ver se is im me dia te.

Now, B PDP= -1 be ing D =
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Next, we in tro du ce a new va ria ble X
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through the chan ge 
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X P X= -1  and then (A-3) 

is wri tten as:
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[A-7]

whe re 
~
C is the ma trix C gi ven in terms of ~, ~x y

and ~z. Also, (A-7) can be de cou pled as fo -
llows:
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~& .~ ~ ~ ~ ~z z x y z z= + + -
æ

è
çç

ö

ø
÷÷0 1

2

a g
b

a
, [A-9]

whe re g x y z1 (~, ~, ~) and g x y z2 (~, ~, ~) are the two
first com po nents in the vec tor P C-1 ~

. Let us
now in tro du ce the no ta tion ¢×g ( ) to de no te the 
Ja co bians of the func tions g1 and g2. We
have, gi ven that g1 and g2 are se cond de gree
polyno mials in ~, ~, ~x y z with zero in de pen dent
term, that:

g g
1 2

0 0 0 0 0 0 0( , , ) ( , , )= =  and ¢ = ¢ =g g
1 2

0 0 0 0 0 0 0( , , ) ( , , ) .

The re fo re, the sys tem [A-8]-[A-9] has a
lo cal cen ter ma ni fold at (0,0,0). Thus, the re
exist diffe ren tia ble func tions h h1 2,  such that: 
h h1 20 0 0( ) ( )= = , ¢ = ¢ =h h1 20 0 0( ) ( )  and ~,~x g are
re pre sen ted as ~ (~),~ (~)x h z h z= =1 2g . Sin ce the
sys tem [A-8] is sta ble at the ori gin, the sta bi -
lity of the com ple te sys tem [A-8]-[A-9] de -
pends of the sca lar equa tion [A-9]. A Taylor
ex pan sion, around ~z = 0, for the func tions h1

and h 2 allows us to wri te this equa tion as:

~& (~ ) (~ ) ~ ~ ~ (~z z o z z z z o z= + -
é

ë
ê

ù

û
ú = - +a g o

b

a

a gb

a
1

2 2

2

1

2

2 3 ).

Then (0,0,0) is a sta ble equi li brium
point of the sys tem [A-8]-[A-9].

II) D2 0=  Here the ei gen vec tors co rres -
pon ding to l1 0=  do not chan ge and, as be -
fo re, are gi ving by [A-5]. The ei gen vec tors co -
rres pon ding to the ei gen va lue with mul ti pli -

city two, l l l
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In this case the spa ce of vec tors asso -
cia ted l to have di men sion one, and it is not
pos si ble to de com po se B by using a dia go nal 
ma trix. Ins tead, we ob tain a non sin gu lar
ma trix Q  such that B QJQ= -1,  with 

J =
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. Let us con si der the vec tor

which is ob tai ned by ta king t = 2 in [A-10]
and call it  n1,  we have
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. Af ter some com pu -

ta tions, we ob tain the set of vec tors n such
that ( )l nI B- =2 0 and ( )l n nI B- = 1, whe re I
is the iden tity ma trix, and this leads to:
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Let us con si der the vec tor which is ob -
tai ned by ta king t = 0 in [A-11] and call it n 2,

we have n
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Hen ce, through the chan ge 
~
X Q X= -1

the sys tem [A-3] be co mes in
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whe re now 
~
C is the ma trix C gi ven in terms of 

~, ~x y and ~z. Also, [A-12] can be de cou pled as:
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~& ( )~ ~ ~z z x z= + -
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2 , [A-14]

whe re f x y z1 (~, ~, ~) and f x y z2 (~, ~, ~) are the two
first equa tions com po nents in the vec tor 
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Q C-1 ~
. Like case I) here f1 and f 2 sa tis fy the

con di tions:

f f
1 2

0 0 0 0 0 0 0( , , ) ( , , )= =  and ¢ = ¢ =f f
1 2

0 0 0 0 0 0 0( , , ) ( , , ) .

The re fo re the sys tem [A-13]-[A-14] has
a lo cal cen ter ma ni fold at (0,0,0), and now it
is easy to ob ser ve that

( )~& ( )~ ~z z o z z= + -
æ

è
çç

ö

ø
÷÷g a a b

a b

a2 1
2 1

2

2

   
( )

= -
+

+
a bg a a b

a

1 2 1

2

2 3~ (~ )z o z .

Hence, (0,0,0) is a stable equilibrium
point of the system [A-13]-[A-14].
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