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Comentarios acerca de la relacion entre Ciencia y Fe en el Magisterio
de la Iglesia

Reyber Parra Contreras *

RESUMEN

La Revista de la Universidad del Zulia inicia su Ntmero 33 con un texto en el cual se analiza la relacion entre
Ciencia y Fe en el Magisterio de la Iglesia Catolica. El analisis se fundamenta en la posicion de los
Concilios Vaticano I y II sobre la importancia de la Fe y la Razon para el hombre, en su busqueda de la
verdad; simultaneamente, se tomaron en cuenta las orientaciones de los papas Leon XIII 'y Juan Pablo II,
en sus Enciclicas Aeterni Patris y Fides et Ratio, respectivamente; también fueron analizados algunos
discursos de los papas Pablo VI, Benedicto XVI y Francisco ante la Pontificia Academia de las Ciencias.
La Iglesia ha procurado -desde el Concilio Vaticano I hasta la actualidad-, acercar, armonizar y
complementar la relacion entre Fe y Razon; su interés no se agota en el fomento de la investigacion
cientifica; también aspira que el conocimiento se ordene al bienestar del ser humano, y se reconozca el
horizonte de la fe en la basqueda de la verdad.

PALABRAS CLAVE: Iglesia; Ciencia; Fe; Filosofia.

Comments about the relationship between Science and Faith in the

Magisterium of the Church
ABSTRACT

The Journal of the University of Zulia begins its Number 33 with a text in which the relationship
between Science and Faith in the Magisterium of the Catholic Church is analyzed. The analysis is based
on the position of the Vatican Councils I and IT on the importance of Faith and Reason for man, in his
search for truth; simultaneously, the orientations of popes Leo XIII and John Paul II were taken into
account, in their Encyclicals Aeterni Patris and Fides et Ratio, respectively; some speeches by Popes Paul
VI, Benedict XVI and Francis before the Pontifical Academy of Sciences were also analyzed. The Church
has sought - from the First Vatican Council to the present - to bring, harmonize and complement the
relationship between Faith and Reason; her interest is not limited to promoting scientific research; She
also aspires that knowledge be ordered to the welfare of the human being, and the horizon of faith is
recognized in the search for truth.

KEY WORDS: Church; Science; Faith; Philosophy.

*Editor de la Revista de la Universidad del Zulia y Revista Latinoamericana de Difusion Cientifica. ORCID:
http://orcid.org/0000-0002-3231-9214. E-mail: reyberparra@gmail.com
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En el transcurso de la Modernidad, la Iglesia debi6 resistir y al mismo tiempo dar
respuesta a la secularizacion de Occidente, conflicto que en los hechos se tradujo en un orden
fundamentado en la primacia del individuo y de la Razon, en contravia a la identidad cristiana
de aquel mundo que, progresivamente, fue desentendiéndose del principio de autoridad de la
Iglesia. Diversos acontecimientos con cierto grado de interrelacion, favorecieron la introduccion
del secularismo, entre ellos: la reforma protestante, el anticlericalismo revolucionario del siglo
XVIIIy la “exacerbacion racionalista o secularizacion del logos” (Rivas Garcia, 2013). Este tltimo
aspecto suscito un distanciamiento entre la Filosofia cristiana (escolasticismo aristotélico) y la
ciencia moderna (signada por el método experimental).

Como consecuencia de su valoracion positiva hacia la razon humana -en sus expresiones
artistica y cientifica-, la Iglesia procuro en el siglo XIX reducir la brecha que se habia interpuesto
entre los campos de conocimiento metafisico y fenoménico. El Concilio Vaticano I, mediante la
Constitucion Dogmatica Dei Filius (abril 24, 1870), sent6 las bases doctrinales y pastorales a fin
de procurar la convergencia entre Fe y Razon, aspiracion que desde entonces y hasta la
actualidad ha estado presente en el Magisterio.

Los padres conciliares reconocieron un doble orden de conocimiento que, aunque
distintos, tienen en comun la basqueda de la verdad. Esta altima, en cuanto nocion metafisica,
no puede ser abarcada plenamente por la Ciencia, cuyo objeto es el mundo sensible. En
consecuencia, requiere del auxilio de la Fe para su desarrollo pleno. Ambas son entendidas como
dones que Dios concede al hombre, y por lo tanto no pueden disentir entre si, ni contradecirse;
las dos son importantes y su sana orientacion consiste en ayudarse mutuamente en la tarea de
conocer, pues el hombre al proceder del Ser primario que es la Verdad, anhela su conocimiento.
Si bien el Concilio le confiere a la Fe primacia sobre la Razon (en sintonia con las ensefianzas de
Santo Tomas de Aquino), declara que las artes y disciplinas cientificas vienen de Dios, y reconoce
la importancia de los principios y métodos que las rigen.

En concordancia con las directrices del Concilio Vaticano I, el papa Leon XIII en su
Enciclica Aeterni Patris (agosto 4, 1879), distingue y reivindica las cualidades y derechos de una 'y
otra forma de conocimiento, sosteniendo que la Fe es para la Razon humana, la estrella que le

indica el lugar del puerto de la verdad. A su vez, el papa considera justo reconocer el ambito
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propio de ambas, sin confundirlos; lo cual no impide que, siguiendo el ejemplo de Santo Tomas
de Aquino, ambas se “asocien amigablemente”, con el propodsito de producir el beneficio del
conocimiento. Del lado de la Fe, para su comprension y estudio, Leon XIII propone orientar la
investigacion teologica mediante los principios del escolasticismo aristotélico de Santo Tomas
de Aquino; en cuanto a la Ciencia, el papa reitera que la luz de la razon procede de Dios y, por
tanto, ni la Iglesia, ni la Filosofia cristiana pueden ser contrarias al desarrollo de la investigacion
cientifica.

Ya avanzado el siglo XX, el Concilio Vaticano II, mediante la Constitucion Pastoral
Gaudium et Spes (diciembre 7, 1965), reafirmo las ensefianzas transmitidas por el primer Concilio
Vaticano en cuanto a la importancia de la Ciencia para acercar al hombre a la verdad, aunque por
si sola no se le reconoce capacidad para hallar la verdad plena. Resulta inconveniente -alerta el
Concilio- que el hombre confie excesivamente en la Razon, a tal punto de creerse autosuficiente
e independiente de Dios.

El papa Pablo VI, a partir de las reflexiones del Concilio, aludio al contenido trascendental
que subyace en el campo de estudio de la Ciencia, e insistio en que esta no puede por si misma
explicarlo plenamente, por lo que debe abrirse a la explicacion filosofica: “iCuantas estrellas en
el cielo! Cierto. Pero ¢como y por qué? iQué de maravillas en la anatomia y la fisiologia del cuerpo
humano! Sin duda. Pero ¢para qué es el cuerpo humano? ¢para qué el hombre? Aqui la ciencia
queda muda, y debe serlo, so pena de salir de su dominio propio” (Pablo VI, abril 23, 1966).

Mas recientemente, el papa Juan Pablo II (septiembre 14, 1998) promulg6 la Enciclica
Fides et Ratio, donde en forma poética senald que “la fe y la razon son como las dos alas con las
cuales el espiritu humano se eleva hacia la contemplacion de la verdad”. Entre ambas no debe
existir competitividad alguna, pues las dos pueden ayudarse mutuamente en la busqueda de la
verdad, sin que cada una pierda su propio espacio de realizacion: lo trascendente, por un lado; y
lo fenoménico, por otro. La Fe puede iluminar a la Razon, con lo cual es posible llegar al sentido
profundo de cada cosa. Por tanto, el papa Juan Pablo II aboga por el desarrollo de una Filosofia
de alcance metafisico, que no se limite a lo fenoménico.

Este ultimo planteamiento es retomado por el papa Benedicto XVI (octubre 28, 2010),

quien propone una relacion interdisciplinaria entre la Ciencia y la reflexion filosofica, con el fin
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de ayudar a los cientificos a descubrir el fundamento epistemologico de sumetodologia. Ademas,
esta conjuncion, también contribuiria a atender la limitacion de la Ciencia, en cuanto a que no
puede por si sola “explicarlo todo y satisfacer las necesidades espirituales del hombre”
(Benedicto XVI, noviembre 06, 2006). Sin embargo, aunque la Ciencia es incapaz de sustituir a
la Fe, también en cuanto a Razon procede de Dios (Primer Ser), quien asigna un orden a su
creacion (el gran libro de la naturaleza, segtin Pablo VI), lo que posibilita su inteligibilidad y, por
tanto, su estudio mediante el método cientifico. En efecto, la Ciencia es una “busqueda paciente
y apasionada de la verdad sobre el cosmos, la naturaleza y sobre la constitucion del ser humano”
(Benedicto XVI, octubre 28, 2010).

Tanto en el papa Benedicto XVI, como en su sucesor el papa Francisco, la Ciencia debe
orientarse mediante una ética que la una con los principios de fraternidad y paz.: “L.a comunidad
cientifica esta llamada a servir a la familia humana y su desarrollo integral” (Francisco,
noviembre 12, 2018). Esta posicion ética es antropocéntrica: “La ciencia no existe mas que pory
para el hombre; ha de salir del circulo de su investigacion y desembocar en el hombre, y por él
sobre la sociedad y sobre la historia entera” (Pablo VI, abril 23, 1966). No obstante, cuando la Fe
ilumina a la Ciencia, entonces esta es capaz de elevarse y aportar un conocimiento en la caridad
(“caridad del saber”, afirmaria Pablo VI). Un rasgo distintivo del ideal caritativo de la Ciencia, es
expresado por el papa Francisco en los siguientes términos: “/Qué bonito seria que a medida que
descubrimos nuevos planetas lejanos, volviéramos a descubrir las necesidades del hermano o de
la hermana en orbita alrededor de mi!” (Francisco, octubre 7, 2020).

La Iglesia, por tanto, ha procurado -desde el Concilio Vaticano I hasta la actualidad-,
acercar, armonizar y complementar la relacion entre Fe y Razon, para que el hombre pueda
“conocer de modo adecuado a si mismo, al mundo y a Dios” (Juan Pablo 11, septiembre 14, 1998).
En este sentido, el interés de la Iglesia no se agota en el fomento de la investigacion cientifica;
también aspira que el conocimiento se ordene al bienestar del ser humano, y se reconozca el
horizonte de la fe en la busqueda de la verdad.

La propuesta de un dialogo entre Fe y Razon de parte de la Iglesia, se ha ido desarrollando
a pesar de las diferencias entre ambas maneras de llegar al conocimiento; en este proposito ha

influido favorablemente el celo con el que la propia Iglesia ha prodigado atenciones a estos dos
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caminos que el hombre recorre en su busqueda de la verdad. Los dirigentes politicos y
econdmicos que tienen en el mundo la responsabilidad de liderar la atencion de los grandes
desafios actuales de la humanidad -entre los que destacan la preservacion de la vida en nuestro
planeta y la convivencia fraterna entre los pueblos-, pueden encontrar en esta actitud dialogica
de la Iglesia un testimonio sobre la posibilidad de acercar posiciones a pesar de las diferencias,

sin que las partes renieguen de sus principios o renuncien a sus convicciones.
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ABSTRACT

The purpose of this theoretical work is to establish a connection between the most important
properties of plane curves: cycloids and sinusoids. For this, a drawing mechanism is
considered, which simultaneously draws a sinusoid and two cycloids. Based on the results
obtained using this mechanical method of obtaining curves, the following important,
previously unknown, theoretical facts are established. Firstly, new in theoretical terms is
that the sinusoid is not represented as a graph of a trigonometric function, but as a locus of
points equidistant from the current points of two cycloids: an ordinary and another cycloid
congruent to the original one, inverted and shifted along the axis by half a period. Secondly,
the line passing through the current points of these cycloids is nothing like a normal to the
resulting sinusoid. This property greatly simplifies the graphical construction of such a
normal. And, finally, a simple trigonometric relationship was established between the angle
of rotation of the generating circle and the angle of deviation of the normal from the vertical.
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Una propiedad destacable de las curvas cicloidales

RESUMEN

El proposito de este trabajo tedrico es establecer una conexion entre las propiedades mas
importantes de las curvas planas: cicloides y sinusoides. Para esto, se considera un mecanismo
de dibujo, que presenta simultaneamente una sinusoide y dos cicloides. Con base en los
resultados obtenidos mediante este método mecanico de obtencion de curvas, se establecen
los siguientes hechos teoricos importantes, previamente desconocidos. En primer lugar, lo
nuevo en términos tedricos es que la sinusoide no se representa como un grafico de una
funcion trigonométrica, sino como un lugar geométrico de puntos equidistantes de los puntos
actuales de dos cicloides: una ordinaria y otra cicloide congruente con la original, invertida y
desplazada a lo largo del eje por medio punto. En segundo lugar, la linea que pasa por los
puntos actuales de estas cicloides no se parece en nada a una normal a la sinusoide resultante.
Esta propiedad simplifica enormemente la construccion grafica de una normal de este tipo.
Y, finalmente, se estableci6 una relacion trigonométrica simple entre el angulo de rotacion
del circulo generador y el angulo de desviacion de la normal respecto a la vertical.

PALABRAS CLAVE: angulo de rotacion del circulo generador; cicloide; curvas cicloidales;
circulo generador; mecanismos para dibujar curvas; normal a sinusoide; cicloide acortado;
sinusoide; tangente a una sinusoide.

Introduction

The purpose of this article is to develop new theoretical knowledge regarding
cycloidal and sinusoidal curves. On the basis of this theoretical knowledge, it is possible to
construct various devices that associate rotational motion with harmonic motion, such as
sinus mechanisms, propellers in water with a fish-like working organ, peristaltic pumps with
a delicate effect on the pumped liquid, for example, blood, and other similar devices.

The cycloid was first considered by the French mathematician Roberval in 1634.
When calculating the area under the cycloid graph, he considered an auxiliary curve formed
by the projection of a point on a circle rolling in a straight line onto the vertical diameter of
this circle. He carefully and vaguely called this curve the companion of the cycloid. This curve
turned out to be an ordinary sinusoid (Gindikin, 2001).

Roberval, as it were, “encrypted” another approach to defining a sinusoid, not as a
graph of a harmonic function, but as a kind of cycloidal curves with a general kinematic

approach, in the same mathematical terms as for an ordinary cycloid. “The true spirit of

10


http://dx.doi.org/10.46925/rdluz.33.02

REVISTA DE LA UNIVERSIDAD DEL ZULIA. 3? época. Aho 12 N° 33,2021
Mikhail Vladimirovich Taldykin // A remarkable property of cycloidal curves, 9-19
DOI: http://dx.doi.org/10.46925//rdluz.33.02

geometry means something more: it requires an approach to the study of geometric images
not from one, but from different points of view, because only this path leads to complete
knowledge” (Litzman, 1960). In the case of a sinusoid, the first approach is a sinusoid as a
graph of a sine, and an alternative approach, a sinusoid, is a quasi-cycloidal curve (the main
parameters are the radius of the generating circle, its angle of rotation, the distance from a
point to the center of the circle, in the case of considering a shortened cycloid). The term
“wavelength” (cycloid period) is not used, it is used for reference only. The provisions of
Roberval's treatise concerning the cycloid and the auxiliary satellite line (sinusoid) almost

unchanged “migrated” into the modern Handbook of Higher Mathematics: “Cycloid and

Sinusoid. The locus of the bases of the perpendiculars dropped from the point M of the

cycloid to the diameter of the generating circle passing through the fulcrum is a sinusoid with

a wavelength 27R and amplitude d. The axis of this sinusoid coincides with the line of the

centers of the cycloid” (Vygodsky, 2006).

“By the end of the seventeenth century, mathematicians had discovered all the
secrets of the cycloid and paid attention to other curves. It has often happened in
the history of mathematics that a certain idea or problem will appear at exactly
the right time. This was the case with the cycloid. The discoveries of its beautiful
geometric and mechanical properties are closely related to the history of analytic
geometry and differential calculus. The missions and battles that were fought over
them led to significant achievements. No other curve could serve the same
purpose” (Martin, 2010).

“The heroic history of the cycloid ended at the end of the 17th century. It arose so
mysteriously in solving a variety of problems that no one doubted that it played a
completely exclusive role. The piety before the cycloid held out for a long time,
but time passed, and it became clear that it was not connected with the
fundamental laws of nature, like, say, conical sections. The problems that led to
the cycloid played a huge role in the formation of mechanics and mathematical
analysis, but when the magnificent buildings of these sciences were built, it
turned out that these problems are private, far from the most important. An
instructive historical illusion took place. However, getting acquainted with the
instructive history of the cycloid, it is possible to see many fundamental facts from
the history of science” (Gindikin, 2001).
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These two quotes kind of summarize the study of the properties of cycloidal curves at
the end of the 17th century. However, even in our time, cycloids often become the solution to
scientific problems, for example, associated with tsunamis. “The optimal trajectory for two
arbitrary points in the ocean, as in the case of one point on the coast, will also be a cycloid
passing through these two points” (Shokin et al., 1989).

It should also be noted that all of the above refers to one isolated cycloid, while this
article discusses the properties of the mechanism of two cycloids.

Cycloid properties are currently actively used for educational purposes. “Cycloids are
a great example of not only the need for parametric equations, but an example of how to
integrate and differentiate them; they also require many of the necessary skills and abilities
to use these skills to solve problems” (Roidt, 2011). “The fascinatingly presented biographies
of great scientists will interest the widest circles of readers, from high school students to
adults; those interested in mathematics will enjoy and benefit from getting to know the

scientific achievements of the heroes of the book” (Gindikin, 2001).

1. Methodology

Let's set the task: to invent a mechanism for plotting curves that could draw
simultaneously such “mechanical curves” as cycloids and sinusoids. Is it possible to build
such a mechanism? Mathematics answers in the affirmative. “You can build other hinge
mechanisms, at least theoretically, which will draw ellipses, hyperbolas and even any
predetermined curve, whatever its degree” (Courant and Robbins, 2001). Such a mechanism
for plotting cycloidal curves was found, and it turned out to be extremely simple and
informative.

There is no up-to-date information on this area, since the topic has long been
considered well-established and quite classical, and the expectation of new works is
considered unlikely. A publication similar to this one could have appeared three hundred
years ago, and it is surprising that this did not happen earlier. This article provides new
knowledge for the uderstanding of cycloidal and sinusoidal curves; the provisions outlined
in this article can be extended to other, more complex cycloidal curves (for example, epi- and
hypocycloids). Existing new publications on cycloids are often teaching material for students

and even for high school students. It should be noted that articles on cycloids are descriptive
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or educational in nature. This work sheds light on the unknown properties of cycloidal

curves.

2. Results
Let usrefer to Figure 1. A point P, located on the circumference of the upper generating

disc at a distance R from the center of the disc describes, when rolling without sliding along
a straight line (axis X ), a well-known ordinary cycloid, which is a series of arches with
“points” downward. The curve is periodic, located in the upper positive half-plane; Period

(basis of the cycloid)27zR . Similarly, a point P, located on the circumference of the lower

generating disk at the same distance R from the center of the disk describes, when rolling
without sliding along a straight line (axis X ), a congruent, mirrored, inverted cycloid
(“points” up), shifted along the axis X by half a period relative to the upper cycloid. This
shift is set initially. This cycloid is located already in the lower, negative half-plane. The angle
t in radians is a generalized coordinate for both cycloids, since the producing discs roll

synchronously without sliding.

V=<

Figure 1. Scheme for plotting cycloidal curves and an ordinary sinusoid
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Let's connect the points P, and P, , find the midpoint P,, equidistant from the points
Pand P,; thatis, P, is the midpoint of a segment P, P, of variable length. It will be shown

below that the point P; draws nothing more than the old familiar Roberval's auxiliary line,
the companion of the cycloid - a sinusoid of the same period as the cycloid and with an
amplitude equal to the radius of the generating disk.

However, what is most surprising and striking is the fact that the normal to the
sinusoid at an arbitrary angle t passes through the same current points P, and P, the cycloid
corresponding to the same value of the generalized coordinate (angle t). A complete and
generalized proof for the case of an arbitrary value of the ratio I/R is given below.

Thus, a cycloid, as a cycloidal curve and a sinusoid, as a kind of quasi - cycloidal curve
(the point P, is not located on the extension of the radius of the generating circle, but is
constructed in some way) are “equalized in rights” so that they can be considered not only
“fellow travelers” but also “relatives”, but rather even “Siamese twins” of geometry. The
properties of these curves can be considered from a general point of view and are determined
by the radius of the generating circle, its angle of rotation and the distance from a point to its
center (for shortened cycloids), without involving the concepts of a cycloid basis and
wavelength for a sinusoid.

Let two generating circles of radius R (Figure 1) roll synchronously along a direct
straight line ¥y =0 (axis X ) without sliding in the positive direction of the axis X . The
condition of synchronicity means the presence of a common point of contact of the circles
with the guide at any moment of rolling, i.e. the angles of rotation of the circles are always
equal. One circle rolls over the “positive” side of the base (top) ('Y = 0), the other under the
“bottom” (Y <0).

The starting points of the upper and lower cycloid are chosen in such a way that the
lower inverted arch of the cycloid is offset along the guide by half the base. Then the following

theorem holds, which consists of two points.
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o

Figure 2. Scheme for obtaining harmonic oscillations (sinusoids) using two shortened
cycloids

Taldykin's theorem:

1. The locus of the points of the midpoints of the segments connecting the current
points of two congruent cycloids, mirrored relative to the directing line and shifted
(displaced) along the half-base (half-period) guide is a sinusoid of the same period as the
cycloids, with an amplitude equal to the distance from the point describing the cycloid to the

center of the generating circle.
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2. The normal to such a sinusoid passes through the current points of the upper and

lower cycloid.
Evidence. Let us consider a more general case when the points P, and P, during

synchronous rolling of the generating circles along the guide (x-axis) without sliding

describe shortened cycloids. Parametric equations of these cycloids

for P: x, =Rt—¢gRsint, y, =R —-&Rcost; (1)

for P,: X, =Rt+¢Rsint, y, =—R—gRcost ;

where X;, ¥;, X,, ¥, are current coordinates of points PI and P, ; t is the angle of rotation of
each circle in radians (generalized coordinate); R is the radius of each producing circle; I is
the distance from the point P to the center of the generating circle; Truncated cycloids are
characterized by the ratio € =r/R; At & =1 we get an ordinary cycloid, at & =0 is a straight

line along which the center of the generating circle moves.
The following properties are valid for such a mechanism of two synchronously rolling

producing circles with a common point of contact with the directing line.
1. The point P,(t) is the middle of the segment P,P, when rolling the generating

circles describes a sinusoid with an amplitude &R and period equal to the periods of the

cycloid 27zR.

The coordinates of the midpoint P,of the segment PP, are equal to the half-sum of

the coordinates of the points P, and P,

X, :%(xl+x2)=%(Rt—gRsint+Rt+gRsint): Rt, (2

Y, :%(yﬁ y2)=%(R—chost+R—chost)z—chost-

Equations for a point P, are parametric equations of a sinusoid:

X, =Rt, Y, =—¢&Rcost (3)
2. Tangent and normal to a sinusoid. It is known from the course in differential
geometry that for a plane smooth curve given in parametric form X =Xx(t), y =y(t) the

equation of the normal to this curve is as follows:
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y' (Y -y)+x (X -x)=0,4

where X,Y are current coordinates of normal points; X, Y are coordinates of the
curve point M . Substituting here the parametric equations of the sinusoid (3) and the
equations of the first derivative of the sinusoid:

X'=R; y'=-¢Rcost; (5

we get

Y esint+&°Reost-sint+ X —Rt=0.(6)
Thus, on the one hand, the equations of the normal to a sinusoid, given in a parametric

form X =Rt, y=—gRcost are as follows

—Recost+R L )

Y=-X— ;
gsint gsint

On the other hand, the equation of a straight line passing through two given points

P (%5 %1)s Po (%1 Y, )is:

yz‘Yl XZ_Xl

Substituting the current values for the points here P (X;;V;), P, (X, Y,) (1)

Y-V, _ X=X :(9)

get
y—(R—¢&Rcost) _ x—(Rt—¢&Rsint) ©
(-R-&Rcost)~(R—&Rcost) (Rt—eRsint)—(Rt—¢gRsint)
After a number of transformations, equation (9) can be written in the form
t
=—X —¢Rcost + : 10
d gsint gsint )

Comparing the equation of a straight line passing through two given points P, (X; Y, )

, P, (Xz; yz) (10) with the equation of the normal to the sinusoid (1), we see that they are
identical. Therefore, we can conclude that the normal to the sinusoid at an arbitrary point
M (x =at; y =—£Rcosg)and the line passing through the points P, (t)and P, (t) that

draw the cycloids coincide, that is, the normal to the sinusoid is a line passing through the

current points of the upper and lower truncated cycloids.
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Basic relations between the angle of rotation of the generating circles (generalized
coordinate) and the angle between the normal to the sinusoid and the vertical. It follows

directly from Figure 2 that

PRA=P,B=¢Rsine; (1)
AO, =0,P =0,B=¢Rcosa; (12)

then for a sinusoid:

tga = HA _gRsint_ gsint; (13)
AP R

3

It is well known that the normal to the cycloid passes through the fulcrum of the

generating circle (Gindikin, 2001). Let's draw normals to cycloids, connecting points P, and

P, with a common point O, of support of two generating circles. Tangent of the angle

between the normal to the cycloid and the vertical for the upper cycloid

gsint
ga, =—; (4
9% 1+ gcost 9
esint
tgae, = —— for the lower cycloid. (15
9%, 1- gcost y ®)

Conclusion

The theorem on the construction of a flat curve was first formulated in the work:
sinusoid using two truncated cycloids, one of which is of the usual form with its points
downward, the other is inverted and shifted by half a period, relative to the original one. In
this case, a point equidistant from the current points of the cycloid during the rolling of two
identical generating circles draws a sinusoid of the same period as the cycloid, and the line
passing through the current points of the cycloid is the normal to the constructed sinusoid.
An elementary relationship has been established between the angle of rotation of the

generating circle and the angle of deviation of the normal to the sinusoid from the vertical.
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RESUMEN

El presente trabajo de investigacion tuvo como objetivo demostrar que la aplicacion del
material educativo grafico desarrolla capacidades del area de Matematica en los estudiantes
del tercer grado de educacion secundaria de la Institucion Educativa Rosa Flores de Oliva-
Chiclayo.  Asi mismo, corresponde al tipo de investigacion aplicada en su nivel
cuasiexperimental, con dos grupos (experimental y control), Pre y Post Test. Se cont6 con
una muestra de 68 estudiantes, de los cuales 28 conformaron el grupo experimental y 40 el
grupo control. En los resultados se hallo que en el post test los promedios oscilan entre 14, 5
y 15, 4, lo que indica niveles de logro adecuado para los procesos de ensefianza en el area de
Matematica. Se concluyo que la aplicacion del material educativo grafico demostro ser un
recurso didactico apropiado especialmente para la ensenanza de la Matematica permitiendo
contextualizarlo en la vida diaria, facilitando el desarrollo de las capacidades en el area de
Matematica.
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Graphic educational material, an option to develop skills in the
area of Mathematics

ABSTRACT

The objective of this research work was to demonstrate that the application of graphic
educational material develops capacities in the area of Mathematics in students of the third
grade of secondary education of the Rosa Flores de Oliva-Chiclayo Educational Institution.
Likewise, it corresponds to the type of applied research at its quasi-experimental level, with
two groups (experimental and control), Pre and Post Test. There was a sample of 68 students,
of which 28 made up the experimental group and 40 the control group. In the results, it was
found that in the post test the averages oscillate between 14, 5 and 15, 4, which indicates
adequate levels of achievement for the teaching processes in the area of Mathematics. It was
concluded that the application of graphic educational material proved to be an appropriate
didactic resource especially for the teaching of Mathematics, allowing it to be contextualized
in daily life, facilitating the development of abilities in the area of Mathematics.

KEY WORDS: Educational material; Problem resolution; competencies; capabilities;
Mathematics.

Introduccion

El sistema educativo cambi6 hace mas de un afo debido a la pandemia COVID 19. Los
procesos de ensefianza se modificaron y se adaptaron al sistema de cada pais de acuerdo a su
contexto y necesidad (Finol Romero, 2021). La educacion afront6 uno de los mayores retos
de la historia: darle continuidad a la ensenanza-aprendizaje a través de dispositivos y de las
diferentes formas pertinentes, como el modo sincronico, asincronico, entre otros.

Parecia un imposible lograr adaptar todas las materias de los diferentes niveles
educativos, e incluso se sostenia que se alcanzaria una deficiencia en los resultados de
aprendizaje, basados en los lentos procesos del desempetio académico. No obstante, la misma
necesidad de efectuar la continuidad educativa orient6 a miles de maestros a adaptarse al
sistema virtual; todo ello con apoyo de las herramientas tecnologicas especificas y adecuadas
a cada materia. Por historia conocemos que el hombre a lo largo de toda su existencia ha
buscado sobrevivir a las catastrofes que han puesto a prueba, y esta vez no fue la excepcion,
ya que logro reinventarse y con ello adaptarse a la nueva normalidad (Villasmil, 2020; Parra,

2020).
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La educacion en Matematica ha logrado sistematizar con enfoques modernos y
estrategias tecnologicas su estilo de ensefianza (Seminario et al., 2020). El Perti no es ajeno a
esta situacion y ha logrado adecuar los contenidos al contexto actual en el que se ve inmerso,
dandole continuidad a la investigacion e innovacion en todos los niveles del sistema
educativo; asi mismo la busqueda de la mejora continua ha sido uno de los primordiales
objetivos, tomando como referencia los procesos matematicos instaurados como base
esencial de desarrollo y herramienta basica de todas las ciencias.

Estudios anteriores realizados en el area de Matematica como es el caso de Fajardo
(2004), demuestran que los estudiantes pertenecientes al grupo control reflejaron resultados
bajos, a diferencia de los estudiantes del grupo experimental que sobresalieron a gran
magnitud dando respuesta a todos los indicadores en cuanto a rendimiento académico y
evidenciando capacidad de comprension de problemas, planificacion y ejecucion de trabajo
para la solucion de altercados. Asi mismo, De Rincon (2010) hallo que al utilizar los
materiales didacticos como estrategia, fue posible que los nifos se incentivaran despertando
la curiosidad y manteniendo la atencion, y por consecuencia su efecto se vio reflejado en la
reduccion de la ansiedad; ademas que contribuye en su concentracion, estimulando los
sentidos que le proporciona la adquisicion facil en el control de si mismo. En tal sentido, el
objetivo de la presente investigacion consistié en demostrar que la aplicacion del material
educativo grafico desarrolla capacidades en el area de Matematica en los estudiantes del
tercer grado de educacion secundaria de la Institucion Educativa Rosa Flores de Oliva-

Chiclayo.

1. Material educativo

Para Santibanez (2000) el material educativo es toda herramienta que potencializa al
docente para desarrollar de manera eficaz su practica pedagogica, enmarcada en la realidad
sociocultural y geografica de los estudiantes, contextualizando situaciones especificas dentro
de cada materia estudiada en el sistema educativo. De tal manera que conforma un punto
medio y de equilibrio entre los conocimientos y las estrategias empleadas por el docente,
facilitando desarrollar una serie de habilidades como la imaginacion, la observacion, el inter
activismo, como también incentivar la curiosidad por descubrir cosas nuevas (Angarita,

2011).
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Flores (1996) hace referencia al material didactico como una alternativa de variacion
en todos los niveles, partiendo desde las diversas estrategias empleadas para su utilizacion.
Para Mayorga (2017), los materiales educativos otorgan ventajas en el desarrollo de las
capacidades Logico -Matematica, desarrollando de esta manera destrezas y habilidades en
busca del reforzamiento del aprendizaje mediante la manipulacion, observacion y el juego
exploratorio; asi mismo el docente puede contextualizarlo de acuerdo al espacio geografico
como a la cultura de una sociedad.

Lopez (2000) sostiene que los materiales educativos estan conformados por
instrumentos de apoyo, herramientas y ayudas didacticas (guias, libros, materiales impresos
y N0 Impresos, esquemas, videos, diapositivas, imagenes, etc.) que se elaboran o seleccionan
con el objetivo de insertar a los estudiantes a la adquision de informacion y construccion de
tematicas para dar secuencia al proceso de aprendizaje. En la actualidad se utiliza como
materiales las herramientas tecnologicas en todas sus clases y evoluciones, como también la
comunicacion digital resalta el nuevo estilo de intercambiar nociones en cualquier parte del
mundo (Huamani, 2017).

Riveron et al (1993) argumentan que la mayor inclinacion que resalta en los niveles
educativos por el beneficio de la practica pedagogica docente a través de nuevos estilos de
ensenar y aprender, hace indispensable acercarse al prototipo de aprendizaje por medio de la
utilidad del material grafico en las sesiones de clase. Este proposito se ha generalizado; en
Cuba se implementa de forma acertada en todos los niveles; en la academia se aplica con
optimos resultados sustentados en la experiencia del uso de material grafico (Burgos, et al.
2005).

En la Tabla 1 se indica el material educativo utilizado en esta investigacion.

2. Capacidades en el area de Matematicas

Artigue (1996) refiriere que la ensefanza de la Matematica tiene una formula
especifica que se basa en recoger, formular y sistematizar temas que integran parte de los
problemas contextuales, los que se resolveran mediante las habilidades y capacidades de los
estudiantes. Es asi que Roman y Diez (2017) sostienen que la capacidad es componente
general que aprovecha un aprendiz para lograr entender la informacion brindada, cuyo

soporte basico es el sistema cognitivo. E1 Ministerio de Educacion (2009) la define como las
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potencialidades propias de la persona y que ésta puede reforzar en el transcurso de su
existencia, dando espacio a la determinacion de los objetivos educativos, los que se basan en
la interrelacion de procesos cognitivos, socio - afectivos y motores (Dominguez y Robledo,

2009).

Tabla 1. Material educativo utilizado con los grupos de trabajo.

Material Descripcion Capacidades a
educativo desarrollar
Olivares et al. (2019) resaltan que los - Razonamiento y
crucigramas contribuyen al fortalecimiento demostracion
del resultado de aprendizaje e incentivan la - Comunicacion
Crucigrama mente del estudiante, buscando desarrollar matematica
estrategias que le permitan impulsar la - Resolucion  de
imaginacion y tomar decisiones optimas. problemas
Cuevas y Pluvinage (2013) denominan - Razonamiento vy
Domino herramienta cognitiva a la adquisicion de demostracion
matematico conocimiento matematico por medio de la - Comunicacion
utilizacion de un instrumento material, como matematica
el domino matematico, que posibilita que el - Resolucion de
estudiante  realice  acciones, activando problemas
pensamiento  logico 'y motivando su
razonamiento.
Juego didactico que incentiva el conocimiento - Razonamiento vy
Bingo de la Matematica, donde los propios demostracion
matematico estudiantes elaboran sus tarjetas. El objetivo - Comunicacion
de este material es que sea de gran utilidad matematica
para la ensenanza de la Matematica y - Resolucion de
adquision de habilidades (Otero, 2009). problema

Fuente: Elaboracion propia.
La Torre y Seco del Pozo (2010) refieren que la capacidad es el poder que un sujeto

tiene en un momento determinado para realizar acciones en sentido amplio. Es una cualidad

potencial de la persona y se desarrolla a través de la asimilacion de los contenidos y formacion
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de habitos. Asi mismo, Lujan et al. (2020) manifiesta que la capacidad esla forma de proyectar

nociones en base a innovaciones que ofrecen soluciones futuras.

2.1. Organizadores de capacidades
2.1L Razonamiento y demostracion
El proceso de razonamiento conduce al ser humano a la solucion de un problema o a la
adquisicion de contenidos. Esta forma de procedimiento aplica a operaciones logicas que
orienten la basqueda de juicios valorativos en contexto distintos. Es asi que la escuela debe
promover en todos los niveles el desarrollo de esta capacidad, impulsando la investigacion e
innovacion, y acciones que orienten a elaborar argumentos matematicos (Crespo y Farfan,
2005). En tanto, la demostracion es una sucesion de razonamientos que conducen a una
conclusion después de un proceso de inferencia para reflejar una prueba o validez de una

afirmacion (Isidro, 2015).

2.12.  Comunicacion matematica
La comunicacion es indiscutiblemente un factor esencial en todo proceso de
aprendizaje, y la forma de impartir los conocimientos delimitaran el desempeno del
estudiante. Para Ramirez (2017) es indispensable establecer conductos comunicativos que
permitan la lectura y comprension de textos matematicos, el razonamiento y la resolucion de
problemas, teniendo en cuenta que el lenguaje matematico es abstracto y formal, y que esta
constituido por una serie de simbolos con significancia relevante en cada operacion (Puga,

Rodriguezy Toledo, 2016).

2.1.3. Resolucion de problemas

Para Gora (2018) es orientar mediante una serie de procedimientos generales y
especificos, cuyo resultado derivara a la respuesta del problema planteado, es decir a la
resolucion, donde intervienen saberes matematicos como apoyo sustancial dentro del

proceso de ensenanza -aprendizaje.

3. Metodologia
El presente trabajo de investigacion es de tendencia positivista; su funcion es

aplicativa, orientada a la aplicacion de material educativo grafico para el desarrollo de
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capacidades en el area de Matematica. El disefio seleccionado fue cuasi experimental,

trabajado con dos grupos: Grupo Control y Grupo Experimental, cuyo esquema es el

siguiente:
GE. : 01 x Os
G.C. :02 Og4
Donde:
GE Grupo Experimental
G.C. : Grupo Control

O1y Ox Pre - Test aplicado al Grupo Experimental y Control.
Osy Oy Post - Test aplicado al Grupo Experimental y Control.
X Estimulo: Aplicacion de material grafico.

La poblacion estuvo constituida por un total de 68 alumnos del 3°Grado de Educacion
Secundaria de la Institucion Educativa “Rosa Flores de Oliva” de Chiclayo. La muestra de
estudio se ha seleccionado a través de la técnica del azar simple entre las ocho secciones del
tercer grado de educacion secundaria.

A los estudiantes se les aplico el Test, que es un instrumento de evaluacion que
permitio la comprobacion de los objetivos trazados en la investigacion. Antes de exponer a
los efectos del estimulo, se aplico el Pre — Test a los estudiantes del grupo experimental y
grupo control con la finalidad de identificar el nivel de desarrollo de capacidades del area de
Matematica en el contenido de expresiones algebraicas. Al finalizar se aplico el Post — Test
al grupo experimental para comprobar la efectividad del material educativo gratico utilizado

en las sesiones programadas.

4. Resultados
El programa que se aplico al grupo experimental estuvo conformado por 18 sesiones
de 2 horas pedagogicas cada una, siendo el curso de 04 horas semanales, teniendo una
duracion de 36 horas pedagogicas. La aplicacion del material educativo grafico se realiz6 en
cada una de las sesiones de aprendizaje correspondientes al contenido de Expresiones
Algebraicas, desarrollado en el aula del tercer grado seccion “H”, en los estudiantes del tercer

grado de educacion secundaria de la Institucion Educativa “Rosa Flores de Oliva”.
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En la tabla 2 se evidencia que al agrupar los resultados del Pre Test, podemos senalar
que en la dimension Razonamiento y Demostracion el 100% (37) del grupo control alcanzo
en una categoria de Deficiente, sin existir un desarrollo significativo para el grupo
experimental con el 1009% (28) de sus integrantes en este nivel, el mas bajo.

La capacidad alcanzada en la dimension de comunicacion matematica para el grupo
control se caracteriza por un nivel deficiente 100% (37), mientras que en el grupo
experimental es superado a un nivel regular 32,14% (9) y manteniendo una deficiencia de
67,86% (19). Asimismo, en la dimension de resolucion de problemas el total del grupo control

100% (37) y del experimental 100% (28) logaron el nivel mas bajo de Deficiente.

Tabla 2. Nivel de desarrollo de capacidades alcanzado en el area de Matematica segain grupo
de estudio y dimension en el Pre Test.

CATEGORIA
Dimensiones ~ Grupo Muy bueno Bueno Regular Deficiente TOTAL
Alum %  Alum %  Alum % Alum %  Alum %

Razonamiento GC 0 0,00 0 0,00 0 0,00 37 100,00 37 100,00
Pemosiracion GE 0 000 0 000 O 000 28 10000 28 100,00
Comunicacion GC 0 0,00 0 0,00 0 0,00 37 100,00 37 100,00
Matematica ~ GE 0 0,00 0 0,00 9 32,14 19 67,86 28 100,00
Resolucion  GC 0 0,00 0 0,00 0 0,00 37 100,00 37 100,00
de problemas GE 0 0,00 0 0,00 0 0,00 28 100,00 28 100,00

Fuente: Elaboracion propia.

En la tabla 3, observando los resultados del post test, la dimension razonamiento y
demostracion nos revela que el total del grupo control se ubico en la categoria de deficiente
100% (36); no sucediendo lo mismo para el grupo experimental, donde un 42,86% (12) se
ubica en el nivel de Bueno, un 28,57% (8) en un nivel regular, un 17,86% (5) alcanza el nivel
de Deficiente, y un 10,71% (3) el nivel de muy bueno, demostrando asi un crecimiento en el

desarrollo de esta capacidad.
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Tabla 3. Nivel de desarrollo de capacidades alcanzado en el area de Matematica segtin grupo
de estudio y dimension en el post test.

Dimensiones  Grupo

Razonamiento GC
y Demostracion GE
Comunicacion GC
Matematica GE
Resolucionde GC
problemas  GE

CATEGORIA

Muy bueno Bueno Regular Deficiente
Alum % Alum % Alum % Alum %
0 0,00 0 0,00 0 0,00 36 100,00
3 10,71 12 42,85 8 2857 5 17,85
0 0,00 2 5,56 6 16,67 28 77,78
2 7,14 14 50,00 12 428 O 0,00
1 2,78 1 2,78 34 9444 0 0,00
1 3,57 25 89,29 2 7,14 0 00,00

TOTAL
Alum %
36 100,00
28 100,00
36 100,00
28 100,00
38 100,00
28 100,00

Fuente: Elaboracion propia.

Por su parte, la capacidad alcanzada en la dimension de comunicacion matematica, el

grupo control se caracteriza por la presencia de un nivel deficiente en un 77,78% (28), un nivel

regular en 16,67% (6) y un 5,56% (2) en nivel bueno; mientras el grupo experimental un 50%

(14) alcanza un nivel bueno, un 42,86% (12) un nivel regular y un 7,14% (2) para un nivel muy

bueno, logrando asi superar el nivel deficiente.

Asi mismo, en la dimension de resolucion de problemas el grupo control present6 el

nivel regular como el mas frecuente con un 94,44% (34), y un 2,78% (1) tanto para el nivel de

bueno como para el de regular; por su parte en el grupo experimental un 89,29% (25) logro

un nivel de Bueno, el de Regular un 7,14% (2) y un 3,57 (1) el nivel de Muy bueno. Asi, en esta

dimension encontramos una mejora muy pronunciada en el grupo experimental para consigo

mismo y respecto de los logros alcanzados por el grupo control.

En la tabla 4 se ofrece un analisis comparativo cuantitativo de los puntajes

obtenidos por los estudiantes de ambos grupos en el Pre test para el desarrollo de la

capacidad de Razonamiento y demostracion presentaba; para el grupo experimental un

nivel de puntaje promedio de 1,18 puntos, con una variacion de 1,82 puntos, evidenciando

una variabilidad en los puntajes de un 154,22% respecto del promedio, determinando que

el grupo experimental es heterogéneo; mientras que en el grupo control todos las

estudiantes obtuvieron la mas baja nota, el valor de cero.
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Tabla 4. Estadisticas descriptivas alcanzadas en el area Matematica segtn capacidad en el

Pre Test.
CAPACIDAD
RAZONAMIENT:O Y COMUNIC;ACION RESOLUCION DE
DEMOSTRACION MATEMATICA PROBLEMAS
- Grupo Grupo Grupo Grupo Grupo Grupo
ESTADIGRAFO Control Experimental Control Experimental Control Experimental
Media 0 1,18 5,59 8,28 0 1,18
Desviacion 0
Estandar 1,82 1,31 1,72 0 1,33
Coeficiente de
0% 1542%  23,4% 20,8% 0,0% 112,7%

Variacion

Fuente: Elaboracion propia.

Para el analisis realizado en la dimension de Comunicacion Matematica de ambos
grupos, el promedio del grupo experimental es de 8,28 puntos, y donde los calificativos
obtenidos se dispersan en 1,72 puntos con respecto al valor promedio teniendo un coeficiente
de variabilidad de 20,8%. En relacion a los calificativos obtenidos del grupo control, la media
promedio es 5,59 puntos y una variacion de 1,31, con un coeficiente de variabilidad de 23,4%.
Aqui podemos determinar que ambos grupos son homogéneos.

Finalmente, en el desarrollo de la capacidad resolucion de problemas, el grupo
experimental presenta 1,18 puntos de media con una variacion de 1,33, y un coeficiente de
variabilidad de 112,7% determinando que el grupo experimental es heterogéneo, en tanto que
en el grupo control todos los estudiantes alcanzaron la nota minima de cero.

En la tabla 5 se presenta un analisis comparativo cuantitativo de los puntajes
obtenidos por los estudiantes de ambos grupos en el post test para la capacidad de
Razonamiento y Demostracion; nos muestra para el grupo control una media de 0,5 puntos,
una variacion de 1,11 y un coeficiente de variabilidad de 222% respecto de la media, frente a
los puntos obtenidos para el grupo experimental con una media de 13,68 puntos, con una

variacion de 1,99 puntos y una variabilidad del 14,5% respecto del promedio.
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Tabla 5. Estadisticas descriptivas alcanzadas en el area Matematica segtn capacidad en el

Post Test.
CAPACIDAD
RAZONAMIENTO Y COMUNIQACION RESOLUCION DE
DEMOSTRACION MATEMATICA PROBLEMAS
. Grupo Grupo Grupo Grupo Grupo Grupo
ESTADIGRAFO Control Experimental Control Experimental Control Experimental
Media 0,5 13,68 8.55 1421 314 15,39
Desviacion
. Ll 1,99 2,22 1,53 2,64 1,32
Estandar ’ ’ ’
f' .
Coeficiente de 222.0% 14,5% 26,0% 10,8% 84 1% 8,6%

Variacion

Fuente: Elaboracion propia.

Por su parte, la capacidad en la dimension comunicacion matematica nos muestra que
los resultados logrados del grupo experimental promedian 14,21 puntos, con una variabilidad
de 1,53 puntos frente a los 8,55 puntos obtenidos del grupo control con una variabilidad de
2,22 puntos, determinando una diferencia de 5,66 puntos en la media y siendo ambos grupos
homogéneos 26% y 10.8 respectivamente para el coeficiente de variabilidad.

Finalmente, el desarrollo de la capacidad resolucion de problemas senala que el grupo
experimental tuvo una media de 15,39 puntos con una variacion de 1,32 puntos y un
coeficiente de variabilidad de 8,6% respecto del promedio (homogéneo); en tanto que el
grupo control tuvo una media de 3.14 puntos, una desviacion de 2.64 puntos y un coeficiente

de variacion de 84,1% respecto del promedio (heterogéneo).

Conclusiones

La aplicacion del material educativo grafico demostré ser un recurso didactico
indispensable y apropiado en la planificacion y ejecucion de las sesiones de clase, ya que
permite al estudiante desarrollar capacidades, habilidades y destrezas en Matematica,
logrando alcanzar un desempetio eficiente enmarcados en los objetivos institucionales. Asi
mismo, puede ser contextualizado o adaptado, de acuerdo a las necesidades y situacion

sociocultural de los estudiantes.
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Las capacidades del area de Matematica que se trabajan con el material educativo
adecuado estructuran las estrategias a aplicar, alcanzando mejores resultados en el
desempefio académico, logrando que los estudiantes desarrollen su pensamiento matematico
dentro de los tres procesos, como son: razonamiento y demostracion, comunicacion

matematica y resolucion de problemas.
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ABSTRACT

One of the urgent tasks in many modern scientific studies is the comparative analysis of
indicators that characterize large sets of similar objects located in different regions. Given
the significant differences between the regions compared, this analysis should be carried
out using relative indicators. The objective of the study was to use the density functions of
the normal distribution to model empirical data that describe the compared sets of objects
located in different regions. The methodological approach was based on the Chebyshev and
Lyapunov theorems. The research results focus on the main stages of the construction of
normal distribution functions and the corresponding histograms, as well as the
determination of the parameters of these functions. The work possesses a degree of
originality, since it provides answers to questions such as the justification of the necessary
information base; performing computational experiments and developing alternative
options for the generation of normal distribution density functions; comprehensive
evaluation of the quality of the functions obtained through three statistical tests: Pearson,
Kolmogorov-Smirnov, Shapiro-Wilk; identification of patterns that characterize the
distribution of indicators of the sets of objects considered. Examples of empirical data
models are given using distribution functions to estimate the share of innovative firms in
the total number of firms in the regions of Russia.
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Modelado matematico basado en funciones de densidad de
distribucion normal

RESUMEN

Una de las tareas urgentes en muchos estudios cientificos modernos es el analisis
comparativo de indicadores que caracterizan grandes conjuntos de objetos similares
ubicados en diferentes regiones. Dadas las diferencias significativas entre las regiones
comparadas, dicho analisis deberia llevarse a cabo utilizando indicadores relativos. El
objetivo del estudio fue utilizar las funciones de densidad de la distribucion normal para
modelar datos empiricos que describen los conjuntos comparados de objetos ubicados en
diferentes regiones. El enfoque metodologico se baso en los teoremas de Chebyshev y
Lyapunov. Los resultados de la investigacion se enfocan en las principales etapas de la
construccion de funciones de distribucion normales y los histogramas correspondientes, asi
como la determinacion de los parametros de dichas funciones. El trabajo posee un grado de
originalidad, ya que proporciona respuestas a cuestiones tales como la justificacion de la
base de informacion necesaria; la realizacion de experimentos computacionales y el
desarrollo de opciones alternativas para la generacion de funciones de densidad de
distribucion normal; evaluacion integral de la calidad de las funciones obtenidas mediante
tres pruebas estadisticas: Pearson, Kolmogorov-Smirnov, Shapiro-Wilk; identificacion de
patrones que caracterizan la distribucion de indicadores de los conjuntos de objetos
considerados. Se dan ejemplos de modelos de datos empiricos utilizando funciones de
distribucion para estimar la proporcion de empresas innovadoras en el namero total de
empresas en las regiones de Rusia.

PALABRAS CLAVE: Modelado matematico; funciones de distribucion normal; pruebas
estadisticas; regiones; indicadores.

Introduction

Sets of enterprises formed on a territorial basis include their significant number of
business structures. This, as well as the presence of various factors that affect the
performance of enterprises, suggest the probabilistic (stochastic) nature of the formation of
the values of indicators describing the totality of enterprises.

Indicators are formed under the influence of two types of factors, the first of which
determines the similarity of the values of indicators for regional sets of enterprises, and the
second their differentiation (Pinkovetskaia, 2015). The first type of factors causes the
indicators to be grouped in the vicinity of a certain average value for all regions. The second

type of factors determines the degree of dispersion of the values of the indicators. At the
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same time, deviations of indicators for specific regions from the average value can be either
downward or upward. This assumption is based on the multidirectional action of the
second type of factors. This phenomenon confirms the possibility of considering the density
function of the normal distribution as a function approximating the frequency of
distribution of indicators that characterize the totality of enterprises in the regions of the
country.

The study of phenomena and processes whose parameters are formed as a result of
the combined influence of many factors acting additively and independently of each other
can be carried out using the law of normal distribution (Orlov, 2004). To date, we have
accumulated experience in using density functions to describe the distribution of
indicators obtained in empirical medical, psychological, biological, engineering, and
economic research. As examples in the field of economics, you can specify the following
works. P. Allanson (1992) presented an analysis of the evolution of the size of agricultural
land, including small farms, based on the distribution density function. In the book by R.
Vince (1992), the application of normal distribution functions to characterize trading
activities and, in particular, to estimate profits and losses is considered. In the article by
S.V. Filatov (2008), the main attention is paid to the method of complex assessment of the
financial condition of a set of enterprises. K.M. Totmianina (2011), when modeling the
probability of default of corporate borrowers of banks, proceeded from the normal
distribution of the value of the assets of companies. The book by A.S. Shapkin (2003)
presents approaches to portfolio investment management based on the normal distribution
of stock returns. Modeling of financial profit on the Russian stock market is considered in
the article by A.I. Balaev (2014). We can also mention the author's article (Pinkovetskaia,
2012).

The purpose of our research was to develop a methodology for modeling the
indicators of enterprise sets located in each of the regions using the density functions of the
normal distribution. Our paper contributes to the consideration of the following questions:
clarification of the theoretical aspect for the development of normal distribution density
functions, the formation of tools for modeling the indicators of enterprise sets in the regions
of Russia, conducting a computational experiment to evaluate the normal distribution

density functions and using the results obtained.
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As a hypothesis of the research, the following is proposed: the distribution of the
values of such indicators that characterize the activities of enterprises can be described

using the law of normal distribution.

1. Theoretical bases

It follows from Chebyshev's theorem (Kramer, 1999) that individual random
variables can have a significant spread, and their arithmetic mean is relatively stable. This
theorem, also called the law of large numbers, establishes that the arithmetic mean of a
sufficiently large number of independent random variables loses the character of a random
variable. Thus, the values of the indicators of the sets of enterprises are random variables
that can have a significant spread, but it is possible to predict what value their arithmetic
mean will take. Note that in accordance with Lyapunov's theorem, the distribution law of
the sum of independent random variables approaches the normal distribution law if the
following conditions are met: all variables have finite mathematical expectations and
variances, and none of the values differs sharply from the others. The above conditions
correspond to the performance indicators of the aggregates of enterprises. As pointed out
by V.E. Gmurman (2003), the law of distribution of the sum of independent random
variables is fast enough (even with the number of terms of the order of ten) approaching
normal. It should be noted that in total, tens of thousands of enterprises are in every region.

The distribution function (Kramer, 2009) of a random variable X is a function F(x)
that determines, for each value X, the probability that the random variable X will take a

value less than X, thatis,
F(x)=P(X <X). 1)
Distribution functions are used to describe both continuous and discrete quantities
(Wentzel, 2010). The probability density y(x) is the derivative of a non-decreasing

function F(x), so it is non-negative over the entire range of variation X ,i.e.

y(x) =0 Q)

The distribution density function contains complete information about the random

variable. The main numerical characteristics that describe a particular random variable are:
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- characteristics of the position of a random variable on the numerical axis (mode,
median, mathematical expectation). It should be noted that for the density functions of the
normal distribution, these three characteristics are equal to each other. For a random
variable X that is described by the density of the distribution y(X), the mathematical

expectation is calculated by the formula:

M (X) = j X @(X)dx . )

- the characteristic of the spread of a random variable near the mean value is called

the mean square deviation o(x). The variance of a random variable x is used for its

calculation:

a(x) =yD(x) ; (4)

- the coefficients of skewness and kurtosis, which are equal to zero for a normal
distribution (Mathematical Encyclopedia, 1977).
In general, the modified density function of the normal distribution has the following

form:

- (x=m)?
K 2. 52
y)=—T—e 20
o2 ’ )
where M - the mathematical expectation;

O - the mean square deviation;

K - coefficient, which is determined by the characteristics of the described random
variables and their dimensions.

The graph of the density function of the normal distribution (5) is a symmetric
unimodal bell-shaped curve, the axis of symmetry of which is the vertical drawn through
the point M, that is the center of symmetry of the density function of the normal
distribution.

It is known that for the density function of the normal distribution, the values of the
indicators that fit into the interval m—o to M+ o bounded by the values from to is
68.3%, for the interval bounded by the values from m—2c to m+ 2o is 95.4%, and for the

interval bounded by the values from m—3c to M+ 3o, respectively 99.7%. For example,
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in the third of these intervals will be indicators corresponding to approximately 99.7% of
all regions. Given this, although the range of changes in the indicator X in the general case

is not limited, however, in the process of computational experiments, it can be assumed to

be equal 60 . In this case, the minimum value of the variable is accepted m—3o, and the

maximum value of the variable is accepted m+3o.

2. Methodology and design

In this section, we propose a methodology for assessing the distribution of the values
of the indicators of the sets of enterprises located in each region.

Modeling of the activity of enterprise sets using the density function of the normal
distribution can be carried out according to two types of indicators. The first type is the
average values of the considered indicators for a set of enterprises formed on the basis of
dimensional, territorial or industry characteristics. As examples, you can specify such
indicators as the average volume of production, the average volume of investment, the
average cost of fixed assets per enterprise or per employee, the average number of
employees per enterprise. The average indicators are calculated by dividing the absolute
values of the indicators, respectively, by the number of enterprises or the number of their
employees for the considered set of enterprises.

The second type of indicators are specific values. They are divided into three
varieties. The first of them describes the relations between individual sets of enterprises,
that is, it characterizes the existing structure of enterprises. As an example of such
indicators, we can cite the shares of small enterprises, medium enterprises, and individual
entrepreneurs, respectively, in the total indicators for the sets of enterprises (for example,
discussing below share of innovative small enterprises). Similarly, the shares that fall on
each of the types of economic activity or the shares for each territorial entity can be
established. The second type of specific indicators reflects the role and place of sets of
enterprises in regional and municipal economies. As an example of such indicators, we can
cite the specific weights of the production volumes of enterprises in the total production
volumes for the national economy, for the regions of the country, as well as for individual
municipalities. Similarly, indicators that characterize the specific weight of investments in

enterprises, the level of participation of enterprises in the contract system, and the level of
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entrepreneurial activity in the corresponding general indicators can be considered. These
values are calculated by dividing the absolute value of the indicator for a set of enterprises
by the value of a similar indicator for all enterprises and organizations operating in the
territory under consideration or in a certain type of economic activity. The third type
describes the specific indicators quantity of employees in a set of enterprises as a share from
the total number of economically active population or on the total number of enterprises in
a certain territory.

The development of mathematical models describing the distribution of indicators
that characterize the totality of enterprises using the density functions of the normal
distribution is based on the construction of the corresponding histograms. With a large
number of empirical source data (more than 40), it is advisable to group these data into
intervals for the convenience of information processing. To do this, the range of indicator
values is divided into a certain number of intervals. The number of intervals should be
chosen so that, on the one hand, the variety of values of the indicator is taken into account,
and on the other hand, the regularity of the distribution depends to a small extent on
random effects.

It is important to justify the number of intervals in which this data is grouped. The
corresponding recommendations, as well as the recommended formulas for calculating the
number of intervals, proceed from the fact that, with a known number of values of the
indicator under consideration, the density of its distribution is described as best as possible
by a histogram.

When choosing intervals of equal length, it is essential that the number of indicator
values that fall into each of the intervals is not too small. It is allowed that this requirement
is not met for the extreme intervals on the left and right, in which such values may be
significantly less than in the other intervals (Khodasevich, 2021; Harrison, 1985).

Various literature sources describe several approaches to determining the acceptable

number of intervals ( K ) depending on the number of values of the indicators ( N). Below
are some of them:

- heuristic formula H. Sturgess (1926)
k=log,n+1=33lgn+1. (6)
- formula of K. Brooks and N. Karruzer (Storm, 1970)

40


http://dx.doi.org/10.46925/rdluz.33.04

REVISTA DE LA UNIVERSIDAD DEL ZULIA. 3% época. Afio 12 N° 33,2021
Tuliia Pinkovetskaia et al.// Mathematical modeling on the base of functions density... 34-49
DOI: http://dx.doi.org/10.46925//rdluz.33.04

k=5Ilgn. 7)

- in the book by I. Heinhold and K. Gaede (1964), the ratio is recommended

k=+/n. (8)

When considering the distribution density functions that describe the indicators of
sets of enterprises in the regions of Russia, the number of intervals calculated using the
above formulas is from 7 to 9. Each interval must contain at least five elements, and only
two elements are allowed in the extreme intervals.

Based on the constructed histograms, models are developed, that is, the density
functions of the normal distribution are estimated. It seems reasonable to perform
calculations with different number of intervals during the computational experiment. Thus,
when analyzing the indicators of aggregates of enterprises for the subjects of the country,
we can consistently consider three functions of the density of the normal distribution,
corresponding to histograms with the number of intervals 7, 8 and 9. The choice of the
function that best approximates the initial data is carried out according to the criteria given
below.

In the course of computational experiments must be solved the problems of
approximating the results of empirical observations (official statistics) and the parameters
(characteristics) of the distribution functions of random variables were estimated.

Parameters such as the mathematical expectation, the mean square deviation, and
the coefficient estimated on the density function of the normal distribution (5). The
estimation of the first two parameters is carried out according to the well-known formulas
presented, in particular, in (Dubrov et al, 2000). The geometric interpretation of the
coefficient is the area of the figure bounded by the estimated function and the abscissa axis.
Therefore, the value of the coefficient corresponds to the value of a certain integral of the
function under consideration in the interval from the minimum to the maximum value of
the corresponding indicator. The area of the resulting shape should be close to the area of
the histogram.

To assess quality of achieved functions, i.e. the level of approximation of empirical
data we used the well-known and well-established Pearson, Kolmogorov-Smirnov, and

Shapiro-Wilk statistic tests (consent criteria). Principles of using these criteria are given in
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the scientific literature (Razali & Yap, 2011; Yazici & Asma, 2007; Afeez et al., 2018; Seier &
Bonett, 2002; Yap & Sim, 2011; Rahman & W, 2013).

The Pearson test ( *) is based on grouped data (reflected in the histogram) and
allows you to compare the empirical distribution describing a specific indicator of sets
enterprises in the regions with the corresponding distribution density function. The
criterion answers the question of whether different values of the indicator occur with the
same frequency in the empirical and theoretical distributions. The greater the discrepancy
between these two distributions, the greater the empirical value of the Pearson test.

The Pearson test is performed in the following order:

- the empirical value of the Pearson test is calculated;

- the number of degrees of freedom (K ) is determined by the formula
k=s—-1-r=s5-3, (9)
where S - the number of intervals in the constructed histogram;

I — the number of the main characteristics of the distribution density function,
equal to two as previously indicated (mathematical expectation and the mean square
deviation);

- the confidence probability and the corresponding significance level are established;

- according to the statistical table of the Pearson test (1977), the tabular value of the
criterion is determined for the given values of the number of degrees of freedom and the
level of significance;

- the empirical and tabular values of the criterion are compared. If the empirical value
is less than the table value, then we can conclude that the distribution density function
approximates the initial empirical data well.

It should be noted that for histograms with 7, 8 or 9 intervals (which are the most
used), the table values of the Pearson agreement criterion are 9.49, 11.07 and 12.59,
respectively.

Also we propose to use the Kolmogorov-Smirnov quality criterion to compare two
distributions: empirical and theoretical. It is based on determining the amount of
accumulated discrepancies between two such distributions. If the differences between
them are not significant and do not reach a critical value, then this is the basis for

recognizing the high quality of the approximation. There are different opinions about the
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minimum amount of empirical data required for verification by the Kolmogorov-Smirnov
criterion. Scientific works suggest different variants of this value, it is desirable that there
are more than 50 of them, although five are allowed as the lowest value (Van der Waerden,
1969). To test the Kolmogorov-Smirnov test, it is necessary to compare the empirical and
critical (tabular) values. If the empirical value is less than the critical value, then we can
conclude that the distribution density function approximates the initial empirical data
well. It should be noted that when considering the distribution density functions
describing the indicators of the sets of enterprises in the regions of Russia, the total number
of initial data is 82 (on the number of regions) and, accordingly, at a significance level of
0.05, the critical value of the Kolmogorov-Smirnov quality criterion is 0.152.

The Shapiro-Wilk quality criterion is used to test the distribution of empirical data
that characterize the indicators of enterprise sets according to the normal distribution law:.
In contrast to the Pearson and Kolmogorov-Smirnov criteria mentioned above, it is assumed
that the values of the distribution characteristics are not known in advance. The minimum
number of empirical data required for verification by the Shapiro-Wilk criterion is eight
(Shapiro & Wilk, 1965; Shapiro et al., 1968). Note that with a high significance level of 0.01,
the tabular value of the Shapiro-Wilk agreement criterion is 0.93. Thus, functions for which
this criterion is higher than 0.93 are of good quality.

The tests of empirical data on the above three criteria are based on different
principles and use different methods. Given this, a comprehensive approach that uses
simultaneous consideration of the density functions of the normal distribution according to
these three criteria is able to assess the quality of these functions with a high degree of

reliability.

3. Results of numerical experiment and discussion
In this part of our paper demonstrated use of discussing above methodology for
assess the levels of innovation based on the share of small innovative enterprises in the total
number of small enterprises operating in the regions of Russia.
The numerical experiment included three stages. At the first stage, the initial
empirical data describing the share of innovative small enterprises in the total number of

small enterprises operating in the regions of Russia were formed. At the second stage, the
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distribution share of small innovation enterprises across the country's regions was
evaluated. At the third stage, a comparative analysis was carried out, during which the
regions of the country were established, in which the minimum and maximum share of
small innovation enterprises were noted.

As initial information, the study used official statistics for 2015, 2017, 2019 on the
share of innovative organizations in the total number of organizations in 82 regions of
Russia (Federal State Statistics Service, 2021).

Both the construction of histograms and the estimation of the parameters of the
distribution density functions were carried out using the Statistica software package.
Below are the functions that best approximate the original data:

- the share of innovative small enterprises in the total number of small enterprises by
region in 2015

(% —4.54)2
e_2><3.01><3.01 . (10)

206.29
3.01x~/27

yl(xl) =

b

- the share of innovative small enterprises in the total number of small enterprises by

region in 2017

2
206.28 “Op 489
X — .e 2x2.69%2.69 ’ 11

- the share of innovative small enterprises in the total number of small enterprises by
region in 2019

(x3—5.50)2

152.09 @ 2277207 (12)

2.77 <27

ys(xs) =

As mentioned in the past part the test of how well the density functions of the
normal distribution approximate the data under consideration was based on the
application of the agreement criteria derived from the methodology of mathematical
statistics.

The results of the quality control of the normal distribution density functions (10)-
(12) are shown in Table 1. Column 5 of this table shows the number of intervals in the
histograms corresponding to the above functions. Functions with this number of intervals

good approximate the original data for the discussing years.
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Table 1. Checking the density functions of the normal distribution according to the

statistical tests

Function - Emprirical value according on test Number of
number O THOBOIOV Pearson Shapiro-Wilk intervals
Smirnov
1 2 3 4 5
(10) 0.06 1.08 0.96 0
(1) 0.05 212 0.98 8
12) 0.04 3.20 0.97 8

Source: The calculations are carried out by authors on the basis of functions (10)-(12).

As shown in Table 1, the empirical values of the Kolmogorov-Smirnov test are
significantly less than the critical value of 0.152. The calculated values of the Pearson test
are significantly less than the critical values equal to 11.07 for eight intervals and 12.59 for
nine intervals. The empirical values of the Shapiro-Wilk test are greater than the
corresponding critical value of 0.93. Thus, the functions (10)-(12) well approximate the
initial statistical data and are of high quality for all three tests.

The density functions of the normal distribution characterize share of small
innovation enterprises in whole quantity of such enterprises in the regions. The values of
the two main characteristics of the normal distribution (the mathematical expectation and
the mean square deviation) are determined directly from the obtained formulas (10)-(12).
At the same time, the value of the mathematical expectation of the indicator, as already
noted, coincides with its mode and median. It corresponds to the average value of the
indicators of the regions in Russia.

In addition to the two main characteristics, additional values can be used to describe
the patterns, which are discussed below. The range of changes in the value of the indicators
(with an accuracy of fractions of a percent) is approximately 6 values of the mean square
deviation and is located symmetrically to the right and left relative to the value of the
mathematical expectation.

To understand the peculiarities of the development of small innovation enterprises
in the regions, we propose to distinguish three typical intervals in which the values of the

indicators of these enterprises fall. We are talking about the intervals of changes in the
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values of indicators corresponding to half (50%), the majority (68.3%) and the absolute
majority (90%) of the regions. The values of these intervals can be expressed based on the
mathematical expectation and the mean square deviation of the considered density
function of the normal distribution. The first of the intervals, which will include the values
of indicators for half of all the regions of the country, has a minimum value of m-0.675¢
and maximum value m+0.675c . The second interval, which corresponds to the majority
of indicator values, has a minimum value m—o and a maximum value M+ o . The third
interval, in which the values of the indicators for the absolute majority of the sets of
enterprises of the regions of the country will fall, has a minimum value m—1.646c and a
maximum value m+1.646c .

These intervals show the proportion of regions whose indicator values are between
the corresponding minimum and maximum values. For example, the interval corresponding
to half of the country's regions describes the low and high boundaries in which the values of
the indicator change for half of all regions of Russia. At the same time, the values of
indicators above the maximum limit allow you to determine the regions (25%), the totality
of enterprises that are characterized by higher values, and below the minimum limit - to
determine the regions (25%) with lower values of indicators. For the second and third
intervals, the shares with the highest and lowest values are 15.7% (for the second) and 5%
(for the third), respectively. Note that these highest and lowest values can be widely used
in the process of monitoring the development of innovations in small enterprises, as well as
in ranking regions.

The characteristic of indicator for function (10) is given in Table 2.

Table 2. Characteristic of the share of innovative small enterprises, %

Indicators Value
Average value 4.54
Mean square deviation 3.01
The interval corresponding to half (50%) of the regions 251-6.57
The interval corresponding to the majority (68.3%) of the 1.53-755
regions
The interval corresponding to the absolute majority (90%) of 0-9.49
the regions

Source: The calculations are carried out by authors on the basis of function (10).
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Conclusion

The purpose of our research related to methodology for modeling the indicators of
enterprise sets located in each of the regions using the density functions of the normal
distribution, was achieved. Our paper made a contribution to the scientific discussion of
such questions as: clarification of the theoretical aspect for the development of normal
distribution density functions, creation of methodology modeling the indicators of
enterprise sets in the regions. We made numerical experiment on the base of proposed
methodology for assess the levels of innovation based on the share of small innovative
enterprises in the total number of small enterprises operating in the regions of Russia. We
achieve as results of experiment functions density of normal distribution are of high quality
on all three tests Kolmogorov-Smirnov, Pearson and Shapiro- Wilk.

On the results of the research hypothesis on the feasibility of using the density
functions of the normal distribution for modeling the distribution of the values of
indicators that characterize the totality of different enterprises was proved.

It is necessary to note the universality of the proposed methodological approach and
the possibility of using it to assess the distribution of indicator values not only by regions of
Russia, but on comparative analysis of indicators activity by the totality of enterprises in
various countries.

Novelty and originality of our paper is related to suggestion to use the density
functions of the normal distribution for modeling of the values of indicators for sets of
enterprises. In the paper presented certain tools for estimating the parameters of these
functions, the requirements for the source data, and the stages of models construction. The
expediency of a comprehensive assessment of the quality of functions using three tests is
shown. Recommendations are given for the analysis of the obtained functions in order to
establish the regularities activity of enterprises sets in the regions of Russia. It is proposed
to use three intervals of changes in the values of indicators corresponding to half, the

majority and the absolute majority of the regions.
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