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ABSTRACT

Present investigation is concerned with the elasto-plastic so-
lution of an anisotropic non-homogeneous hollow cylinder . Power law
variation has been assumed for all material constant in elastic
stage and also for parameters characteristic of the state of
anisoﬁropy in plastic yielding. It is observed that plastic yielding
may start at the inner surface of the cylinder or at the outer sur-
face and there is a possibility of forming more than one plastic zone
depending on the value of constants of the particular material as
has been seen in the case of baryte. Numerical results showing dis-
tributions of stresses and strains and how the plastic yielding
starts in the boron/epoxy cylinder are presented in tabular form.
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RESUMEN

La presente investigacidén estd relacionada con la solucién e-
lasto-plastica de un cilindro hueco no-homogéneo, anisotrdpico. Una
variacion potencial se ha supuesto para todas las constantes de los
materiales en la etapa eldstica, y también para los parametros ca-
racteristicos del estado anisotrépico en la fluencia plastica. Se ha
observado que la fluencia plédstica puede comenzar en la superficie
interior o exterior del cilindro , y existe la posibilidad de formar
mds de una zona pldstica, dependiendo del valor de la constante del
material en particular tal cual se ha visto en el caso de la barita.
En forma de tabla se presentan resultados numéricos que demuestran la
distribucién de los esfuerzos y de las deformaciones y como comienza
la fluencia plédstica en el cilindro de boro/epoxy.
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1. INTRODUCTION

Bieniek et al [1] and Maiti [2] evaluated the stresses and de-
formations in thickwalled orthotropic non-homogeneous elastic cylin-
der , while Olszak and Urbanowski [3] discussed effect of anisotropy
and non-homogeneity on-yield condition in state of plane stress and

plane strain . As for an example , they took a body of polar
orthotropy and axially symmetrical non-homogeneity , subjected to an
axially symmetrical load.

In the present investigation , however, a body of cylindrical
orthotropy with plane strain has been considered. Power law varia-
tion has been assumed for all material constant in elastic state and
also for parameters characteristic of the state of anisotropy in
plastic yield criterion.

2. FORMULATION OF THE PROBLEM

A thickwalled orthotropic cylinder in plane strain subjected to
internal pressure is considered. The inner and outer radii being a
and b and the z axis coincides with the axis of the cylinder. The
principal directions of stresses and strains are radial, circumfer -
encial and axial. In present case, stress-strain relations are:

E, =@, 0 *a,60+a,;0
g 7 @12 % * Ry % < a4 % (2.1)
ez=a130”.+a2306+a330 =9
From the last relation
o =--i—(a130 * &5 Ta) (2.2)
z n 23 78

34
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where Gu = UE& A "’Vem 9 ? By ““mﬁz o s 1% WE 4

z

By using relation (2.2) in (2.1) one obtains,

L A e ]

ol - AL @2.4)

% . %% ., e
e - - 0 (2.5)

8,‘ £ ‘g% . e_e - & m u ‘“(&) (2"63

leg ~2) i -7&5- =0 2.7
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NER LAW VARIATION OF ELASTIC MATERIAL CONSTANTS

(3.1

ay = REg . 41,2 ad j=1,2 where R = (3.2)

N

) and (3.2)

RO™ + SRE + R(Zu-n) § = 0 G.3)

where prm denotes differentiation with respec
101 - ,ﬁ 3)’ is

ni = & - » £ -
§' =0, R + 'ﬂg'R- : (3.4)







where F, G, H are functions of R

where K|
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From (3.6a) and (3.6b) it is obtained that

(0, =0,)° -2n.\2  2(ny+m-y)
L O g (1eAR ) R - B20(R) (say)  (4.3)
p* R
2nl
1 +n, 1 -bl
where A =
1 L3 =21
1/ \J -b,
1- nl
and B = g
1-b

If ¢ (R) has a stationary value at R = R,,, it can be shown that

0?

2n nl-m+1

(4.4)

n1+m—1

If ¢ (R) has a minimum at R = R, and if it is greatest at the inner
boundary it implies that plastic yielding starts at the inner sur-
face and spreads outwards but at a certain critical value of
R =R2 2 <qu (say) a second plastiC zone starts at the outer surface
and spreads inwards. The cylinder becomes fully plastic when these
two zones meet at R=R, , .
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Cb) Double plastic zones:

In case of possibility of double plastic zones, let £=c orR=C,
be the boundary of the inner plastic zone when yield starts at n=b
or R=b,. Considering yield criterion at the outer boundary value of

2n, +am-2

it _“*’-1,""-‘1:’7

M e s e
{‘ 1’-‘1’1'1 ) (I—bl n’&) + “iml] (1_&:”’1) 21&1}

¢,

Let p, be the pressure at’ which the inner plastic zone and outer
plastic zone has radius x=d(>c) and x=e[<b) respectively.
0y, in the plastic zones can be obtained from the equation of equi-
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Ko -m KD :
G IR e e
o K RM= -k g™(1+L)s —K" - (5.7b)
Ue s O)L 0 = ) '"T n pz -
Ko -m -m Ko
BB - BB MRS SRl v S PSR (B

In the plastic zone e < « < b, boundary condition g, =0 at = b
gives:

K
_-_0 -m_ -m
5 i (R bl) (5.82)
. w -KR™ 14.1_ +K_°b—m (5.8b)
) 0 m m 1 -
0=_K_°(B+B)R'M-BKR""+K°(B+B)b'm (5.8¢)
z m 2 2 a0 D $E

From the value of {' in (3.4) and from the condition of continuity
across the boundaries n=d and n=e, stresses in the elastic zone
d<n < e, are given by:



! [ni"'li (n,-1) B g}
[119‘4 za i ] ; (5:-@@)

no| -lky*ﬂ‘ *‘Mﬁ!ﬁ"" R-x
¥ e [Ixe‘l - Ld, |R

& o [’s“x e i ]" © (5.9D)
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Numerical Examples:

(a) Material - Baryte®

1 1.84 x 10" *em?/dyne

N

Lo 1.74 x 1072 en? /dyne
Eq

E,
s -12__ 2 Vor ~12. 2
— = 1.10 x 10 "“em*/dyne ; — = 0.95 x 10 "“em*/dyne
E, Eg
v v
S (0.27 x 107?) em?/dyne
o E,

From table I it is clear that for m=2.5, plastic flow starts at the
outer surface and spreads inwards, but at a certain critical value
R=R2° >R” » a second plastic zone starts at the imner surface.
The cylinder will be fully plastic when these two zones meet at
Ry, =1.462.

(b) Material - Boron/epoxy?

Ee =E =3.6x 10% Lb/in? , gn = 30.8 x 10° Lb/in?

Vz

n = Vo, = 0-0421 , vg, = 0.3

Table II shows that there is only one plastic zone and for m< 2, it
starts at the inner boundary while for m>2, plastic zone starts at
the outer boundary.

Numerical values of 0,/K;, and op/K, in elastic and plastic zomes in
a boron/epoxy cylinder are given in tabular form. It is assumed that
the range 1.0<R< 1.5 is plastic and the range 1.5<R<2.0 is elas -



tn: Tables IIIandIV and Tables V and VI show that an increase in
the degree o: sotropy reduces the magnitude of the stresses and
elastlc strains respectively. Table VII shows that plastic strain
ement de, /dA either remains constant or decreases.

artRt of Wethodatics Ihiverslty of Te, Nigeria, fnrmeotn'~
' "'jfi. I mﬂd also h.ke to ﬁmk the Governing Body, Raja N.L.K.
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Table I : [values of (c&--oe)zl(p2 R2M ; = 2.0}
e
" 1510 1.2 1.4 1.6 1.8 l 2.0
0.5 9.840 4.426 2.317 1.369 0.8923| 0.6403
1.0 9.840 5.313 3.245 2.190 1.606 1.276
2.0 9.840 7.649 6.246 5.610 5.702 5.126
258 9.840 9.179 §.907 §.974 9.380 10.250
3.0 9.840 11.020 12.470 14.320 16.880 20.500
(Oll. '06)2
Table II : |values of b =230
2 p-2m
p R
s R 1.0 1.2 1.4 1.6 1.8 2.0
Fal 7.396 4,997 3.579 2.704 2,118 1.711
1.5 7.396 5.973 5.010 4,326 3.813 3.421
250 7.396 7.168 7.013 6.918 6.858 6.845
2.5 7.396 §.602 9.819 11.080 12.370 13.690
3.0 7.396 10.320 13.740 17.720 22.240 27.380
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Table 111 : [Valuoe of 6. /% ¢ =13 ,0

Plastic one Elastic zone
R
1.0 1,2 1.3 1.4 1.5 1.6 X7 1.8 1.9 2.0

n

0.5 -0,18281 | -0,00833 0,06307| 0,12688 | 0,18420 | 0,12832 | 0,08753 0,05342 | 0,02459 0

1.0 -0,18294 -0.01827, v,C4783 | 0.10278 | 0,15040 | 0,10477 | 0,07147 | 0,04356 | 0,02008 0
1 )
|

1.5 -0.18008 —o.o:.xmj 0,03591 | 0,08323 | 0,12280 | 0,08555 | 0,05835 | 0.03563 | 0,01639 0
L}

2,0 | -0.17752 -0.02474| 0.02663| 0.06738 | 0,10026 | 0.05985 | 0,04765 | 0.G2908 | 0,01338 0

Table IV : [Values of ~E /e, € = 1.5

=
Plastic zore £lastic zone
R : i
= 1.0 1.2 1.3 1.4 1,35 1.6 1.7 1.8 1.9 -ty

0.5 1.18281 0.92142 0.81399 0.71827 0.63230 | 0.58699 0.54459 0.50948 0,.48007 |0.45337

1.0 1,18294 2.84960 G.7::140 0.611351 0.51627 ! 0.47928 0.44465 0,41599 0.39202 |0 7131
1
1,8 |1.180%8 0.7¢21% | 0,63873 | 0.52045 | 0.42153 | -0.35123 | 0.35306 | 0.33945 | 0.32008 |C.5533"
_' - —

2.0 |1,17738 0.71919 l L.56509 | 0.44282 | 0,34418 | 0.31952 | 0,.20644 | 0.37732 | 0.26133 l'.'.‘.'.4181
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\ 4 5
I_n_!iﬁ' Vi Values of £ : X 10 La Elastie tmm(elt 1.5, hl. '.'.")

i
1.3 1.6 1.8 19 2.0
e
0.5 15,4697 [ 13,0878 | 1111605 | c9.47372 8,00523 6.42082
1.0 12.63110 | 10,6203 8.00153 5.329%3 6.61013 5.635220
1.3 10,31324 8.72183 7.41070 6.21470 5.39739 1.61522
2.0 8.40433 7.12136 6.03081 5.16170 | 4.40093 3.76814
I
& - —
Table VI 1 Values of =& £ 10" in Elastic zome x(.el- 1.5, b‘-;z.o)
\ R
B 1.5 _ 1.8 1.7 1.8 1.9 2.0
0.3 0.:€1789 J 0,148607 0.1378:4 0,123479 0,121394 0.1151070
1.0 | 0,132110 | 0,121337 | o.112%28 | ¢.105220 | 0.099136 | 0.00398s5
! 1.3 | o0.07839 | 0.09%07t | 0.09°876 | 0.083568 | 0.080039 | 0.076738
« ]
2.0 0,0880884 | 0,080391 0.073017 2.0792%4 0.066088 3,.062657 i
Table VI : Values of Plastiz straiz incresent 967 9) = (S%-5p) [4]
i E
3 1.0 1.2 1.4 1.3
=
o
0.8 1.0 0.91287 - 0.£70 0.84518 0.81730
| to 1.0 0,83333 2.76923 0.71429 ©.58067"
L3
1.5 1.0 0.73972 0,2745¢C 0.60368 0.54433
2.0 1.0 0.69444 0.%.172 0.51020 0.44444
-
Ll
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