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ABSTRAeT 

Present ínvestigation is concerned with the elasto-plastic 50­

lution of an anisotropic non-homogeneous hollow cylinder. Power law 

variation has been assumed for al! material constant in elastic 

stage and al so for parameters characteristic of the sta te of 

anisotropy in plastic yielding. It is observed that plastic yielding 

may start at the inner surface of the cylinder or at !he outer sur­

face and there ís a possibility of fonning more than one plastic zone 

depending on the value of constants of the particular material as 

has been seen in !he case of baryte. Nwnerical results showing dis­

tributions of stresses and strains and how the plastic yielding 

starts in the boran/epoxy cylinder are presented in tabular fOTIn. 
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RESUMEN 

La presente investigación está relacionada con la solución e­

~asto-plástica de un cilindro hueco no-homogéneo, anisotrópíco. Una 

variación potencial se ha supuesto para todas las constantes de los 

materiales en la etapa elástica, y también para los parámetros ca­

racterísticos del estado anisotr6pico en la fluencia plástica . Se ha 

observado que la fluencia plástica puede comenzar en la superficie 

interior o exterior del cilindro, y existe la posibilidad de fonnar 

más de una zona plástica, dependiendo del valor de la constante del 

material en particular tal cual se ha visto en el caso de la bari t a. 

En fonna de tabla se presentan resultados numéricos que demuestran la 

distribución de los esfuerzos y de las deformaciones y cómo comienza 

la fluencia plástica en el cilindro de boro/epoxy. 
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1. INTROruCfION 

Bieniek et al [1] and Maiti [2J evaluated the stresses and de­

fonnations in thickwalled orthotropic non-homogeneous elastic cylin­

der, while OIszak and Urbanowski [3J discussed effect of anisotropy 

and non-homogeneity on yield condition in state oí plane stress and 

plane strain . As for an example, they took a body of polar 
orthotropy and axia11y symmetrica1 non-homogeneity, subjected to an 

axially symmetrical load. 

In the present investigation, however, a body of cylindrical 

orthotropy with plane strain has been considered. Power law varia­

tion has been assuned for all material constant in elastic state and 

also for parameters characteristic of the state of anisotropy in 

plastic yield criterian. 

2. FORKJLATION OF THE PROBUM 

A thickwalled orthotropic cylinder in plane strain subjected to 

internal pressure is considered. The inner and outer radii being (t 

and b and the z axis coincides wi th the axis oí the cylinder. The 

principal directions of stresses and strains are radial, circumfer ­

encia! and axial. In present case, stress-strain relations are : 

E :::a. o + a. (j + a. o 
IL 11 Ir.. 12 a 13 z 

Ea a. o + a. 0e + a. o (2.1)
12 IL 22 23 Z 

EZ == a. o + a. Os + a. (j o
13 IL 23 33 Z 

From the last relation 

(2.2) 
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By using relation (2.2) in (2.1) one obtains, 

(2.3)EJt. = 0.11 ° Jt. +0.1 2. °a Ea = 0.12 0Jt. +0.2.2 °a 

2 a 
_ --1Lwhere 0. = a1 1 11 as 3 

a a 
13 23 

Cl = a (2.4)
12 12 as 3 

2a
23 

Cl = a
22 22 a33 

TIte only non vanishing equa.tion of equilibrium (in absence of body 

forces) is 

= O (2. S) 

The strain-displacement relations are 

where u. = u.(It) (2.6) 

and hence strain compatibility condition is 

(2 . 7) 
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3. POWER LAW VARIATION OF ELASTIC MATERIAL CONSTANTS 


A stress function n(~) is defined by 

(3.1 )a = and
11. 

satisfies the equilibrium equation. 

Assuming coefficients in (2.3) as 

C1 •• = R2. a::: i.. = 1,2 and j = 1,2 where R = 11. (3.2)
-<..J -<..j' a 

R ­= 2 - a ..so that 
a -<..j 

Considering condition (2 . 7) together with (2.3), (3.1) and (3.2) 
following differential equation is obtained 

(3.3) 


where prime denotes differentiation with respect to 11. . 

Solution of (3.3) is 

-nl 
+ V (3.4)2. R 
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Constants VI and V2 are to be detennined froro bOlmd.ary conditions 

a
JI. 

= -p on Jt = a. i.e. , on R = 1 

(3. S) 

a = O on Jt = b l.e . , on R = bJI. 1 

where b bla.. 
1 

Thus from (3.1), (3.4) and (3.5) stresses in elastic state of defor­

mations is given by 

tt1-l - (tt1+¡)- o-
JL R R = + (3.6 a) 

1p ( 2n ) ( -2tt1)1 - b1 1 - b1 

n1-l -(nl+ 1 1 
o-e rt1R rt1R 

= + (3.6b) 
P ( 2tt ) ( -Zrt)1 - b 

1 1_- b 1 
1 1 

crz/p can be obtained from (2.2) with the help of (3.6a) and ,(3.6b) 

as 

(3.6 e) 
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a. 
and 1 3 

= a 
13 

4. ON SET OF PLASTIC YIELDING 

In present case when non-hornogeneous orthotropic cylinder in 

plane strain 7 yield condition [3,4J reduces to 

F + G 2. 2.)(al( - ael = /( (R (4.1 ) 
FG + G/-I + HF 

where FI G H are flIDctions of R and defined asI 

G + H = K R2. m H+ F 
2. ' 

where K , K K are constant s. 
1 2. I 

3 

Wi th these values, yield condit ion reduces to 

(4.2) 

when m is a positive integer arid 

/(2. ;< 

o 
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From (3.6a) and (3.6b) it is obtained that 

2(n1+m-ll 
R (4.3) 

where 

1 - n 
1and B =-

If (1) (R) has a stationary value at R =- Rl o' it can be shown that 

n -m+l
1 

(4.4) 

If ~ (R) has a minirnum at R = R and if it is greatest at the inner 
10 . 

boWldary i t implies that plastic yielding starts at the inner sur­

face and spreads outwards but ata certain cri tical value of 

R = R
2 

o < Rl o (.6ay) a second plastic zone starts at the outer surface 

and spreads inwards. The cylinder becomes fully plastic when these 

two zones meet at R=R10 • 
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5. ELASID-PLASTIC SOLUTION 

Ca) Single plastic zone: 

Let yielding start at lL=a and let at a particular instant, lL=c. 

be the radius of plastic zone. Stresses in the elastic region c. ~ Il ~b, 

are given by 

2n1 
1 - b - 2n n1-1 

(J = L 1 + 1 R 1 R 
~ -2n1 

1 - b
1 

2n 
1 - b 1 nl -l

11 ­ R-2n 
1 - b 1 

1 

2n 
1 - b 1 -2n

1 R 1 (5 . 1) 

Considering that the material on the elastic side of ~ =c. is on the 

point of yielding, constant L is determined wi th the help of yield 

condition (4.2) as 

l-m-ne 1 
1 (5.2) 
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where e = e/a. 
1 

Stresses aJt and ae in plastic zone a. ~ tr. ~ e I are obtained from the 

condition of equilibrium (2 .5) with the help of (4.2) 

K o -m 
o =- - R + E (m I Ol (5.3 a)Jt 1 

In 

(5. 3 b) 

Settíng d8 z c::: O in the relations between stress and strain incrernent 

for anisotropic meditnn [4J O" z is obtained as 

(1" ~Ba + 8 0 (S.3c)
z 2tr. 3 8 

where 

ISince atr. is continuous across plastic boundary IL =c. constant Bl in 

(5.3 a) is obtained with the help of (5.1) and (5.2) as 
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(5.4) 

(b) Double plastic zones : 


In case of possibility of double plastic zones, let fL:: C. orR=C
1 


be the boundary of the inner plastic zone when yield starts at It :: b 

or R ~ 6 , Considering yield criterion at the outer boundary value of
1 

Cl can be obtained from: 

(S . 5) 

Let Pz be the pressure at ' which the inner plastic zone and outer 

plastic l one has radius It = d(>c.) arrd fL:: e.« b) respectively. 

afL in the plastic zones can be obtained from the equation oí equi­

librium with the help of yield condition as 

(5.6) 


In the plastic zone a. ~ 11. ~ d, boundary condition aIt. :: -P2 a t 11. =a 

gives 
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(5.7 a) 

cr ::: (J - /( R-m ::: - K R-m(1 + 1.-) + Ko - Pz (5.7 b) e Jr.. o o m m 

(5.7 e) 

In the plastic zone e ~ Jr.. ~ b, boundary condition a = O at Il b
ll 

gives : 

(5.8 a) 

(5.8 b) 

K /( 
= - _0 (B +8 ) R-m _ 8 K R-m + o (8 8) b-m (5.8 e)az m 2. 3 3 o In 2. + 3 1 

From the value oí 6' in (3.4) and from the condition of continuity 

across the boundaries Ir. =d and Jr.. =e, stresses in the elastic rone 

d ~ Il. ~ e., are given by: 
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(5.9 a) 

(5 .9b) 

a = z 

(5.9 c) 

Ko
where (d -m - 1) _ P 

m 1 2 

Ko -m -m
1 = - - (e - b )

2 mil 

rd. - 2I't 1 _ e -Ht l ] • d = 
l( 1 1 ' a. 

Since the yieId condition (4.2) holds at bOlmdaries Jt. =eL and Jt. =e, 

unknown pressure P2 and radius el will be detennined as a ftmction 

oí dI from those two conditions, where vaIues of (JJt and O'e will be 

taken from region d ~ Jt ~ e. 



-132­

Numerical Examples: 

Ca) Material - Barytes 

-12 2 "SIL -12 2= 1o 1O x 1O cm Idytte ; -E = O. 95 x 1O cm /dyne.
Ez e 

From table 1 it is clear tbat for m=2o 5,plastic flow starts at the 

outer surface and spreads inwards, but at a certain critica! value 

R:;: R > R , a second plastic zone starts at the inner surface. 
20 10 

The cyl:inder will be ful1y plastic when these two zones meet at 

R :;: 1.462.
10 

(b) Material - Boroh/epoxy2 

TabIe 11 shows that there 15 on1y one pla~tic zone and for m~ 2, it 

starts at the inner bOlmdary while for m> 2, plastic zone starts at 

the outer boundary. 

Ntunerica1 values of aIL/K and aa/Ko in eIastic and pIastic zones ina 
a boron/epoxy cylinder are. given in tabular formo It is asStDDed that 

!he range 1. O~ J? ~ 1 . S is pIastic and the range 7. 5 ~ R~ 2 o O is eIas ­
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tic. TabIes III and IV and TabIes V and VI show that an increase in 

the degree of anisotropy reduces the magnitude oE the stresses and 

eIastic strains respectiveIy. TabIe VII shows that plastic strain 

increment dE,/dA either remains constant or decreases . 
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";'ZJ 1.0 1 . 2 1.4 1.6 1.8 2.0 

0.5 9.840 4.426 2.317 1.369 0.8923 0.6403 

1. O 9.840 5.313 3.245 2.190 1.606 1.276 

9.840LO 7.649 6.246 5.610 5.202 5.126 

2.5 9.840 9.179 8.902 8.974 9.380 10.250 

3.0 9.840 14.320 16.880 20.50011 .02 O 12.470 

TabIe Ir [values of ; " 2.0]b 

1.0 1.2 1.4 1.6 1.8l~l 
1.0 7.396 

1.5 7.396 

2.0 7.396 

2.5 7.396 

3.0 7.396 

4.991 

5.973 

7.168 

8.602 

10.320 

3.579 

5.010 

7.013 

9.819 

13 . 140 

2.704 

4.326 

6.918 

11.080 

17 . 720 

2.118 

3.813 

6.858 

12.370 

22.240 

2.0 


1. 711 

3.421 

6.845 

13.690 

27.380 
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Tllhl" 111 : [Valuo~ ol ó'"r I leo ' 01 = l.~ • = ~.oJb1 

Pl..,Uc :-.one ElaaUc :z.one 

~ 1.0 1.2 I 1.3 I 1.4 1.S 1,6 1.7 1.8 t.9 2.0 

0 , :1 -0.18281 -0,0<.'83:1 0.('6307 0.12088 O,t!l420 0,12832 O,O81~3 O,O:;34Z 0.024:i9 O 

.. 
1,0 -O. 1S:!!).¡ -0,016211 v.C4783 0.102';"& 0. 15040 0.10477 0.071017 0.0<135G 0.02008 O 

-
! 

1.S -0.18098 -o,O:'1~11 0,03591 0.08323 0.12280 0.08565 0,0583:1 0,0356' 0.01639 O 

.­
I 

2.0 -0.11152 -0,024141 0.02663 0.06139 0 . 10026 'l. 05986 0.01765 0,(;2908 0.01:138 O 

Toble IV 

l'La.t1c r:l:lStlc zona 
-l 

zone . 
I . --l 

I~ r 
. 

I I 
1.0 1.2 1,3 1,4 1.:1 1,6 !.7 1.8 1.9 

I 
:.r: 

0,5 1,18281 0.92142 I 0.81399 0.11827 0,63230 O,:iSG99 O.!I<101!1!l 0.50918 U.4800i 10.4~~31 
I I ' 

1.0 1.18294 i.S49tK1 I r..7::140 0.6JUl 0.:U027 v.~7929 O.'¡4.4(j[) 0.41599 0.39202 O 't71.U 

I 
1.6 1.180~8 O.7t'2J ¡ 0.6387:1 0.:12046 0.421:53 ·0.39!:!3 0.35300 0.33~4S 0.32008 c. ~t;a~" I 

't--iI 
2.0 1.17758 0.719191 11..!)~09 0.44282 0.34418 0.319:12 0.2Z644. 0.'47732 0.2111;15 ,'.•• ':4787 I 
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~ I.~ I 1.11 

' ­
1.7 I.S I.!) ::!.O 

o.S 1~.'¡G037 13.0:1:;-3 U.1I6M · O. · :i~7~ 8.0!!:;:l 6.'1~OS1 

1.0 1 :!.G.1 11 O IO.6-..~O' S.!,\'153 ':' .i::~ ·- ;; ,. 6.GI,}13 '.GJ:!::l! 

1.5 

2.0 

10.3132-1 

8.40'¡311 

8.7:185 

7.1:!138 

i 
7,41070 

0.030:11 

6.:1-:;0 

S. \6,170 

! li.J27J'J 

! 4.4009] 

I 

~.GIs-'~ 

3.7GSl" 

0.1321101.0 O.taJ337 0.099130 0.G03!185O.It:52' .: .10'::!29 

-. 
I 0.1078:19 0.09'175 0.0711738I.S 0.099071 O.OSll6&8 0.0lI0O:!9
I 

. ­~ 
I 

O,onOl72.0 0.011801184 o.O~l :1.0628:17 Ii~07!12S'J I0.0640811 

i J 

-"- . I.S 1.7 1.9 2... 01.8l.' _­. _"" 
0.:;;17811 o. t37&: 4 0.1::é>'I7lI I0,1213940.5 0.UII8C": 0.1 "1070 

I 

-
••01:'" 
1,00.5 

1.0 1.0 

~ 
! 

J.S 1.0 

.,02.0 

I 

1.2 1":I 

0.1::'10. • 0.h2117 

0.1IJ3l3 '.7G923 
-

O."II'n I
• 

".e7.';C 

0.!. ."l72O.6M44 

I '.4 

• 
O.SUIII 

0.7143 

, 
0.110361 

O.U020 

-

t.s 

0.81~ 

e.aalMl7· 

0.54433 

O.....~.. 



-137 -

REFERENCES 

[1] BIENICK, M., SPILLERS, W.R. and FREDOO1:IAL, A.M.: "Non-homoge­

neo~ th.ick fAXlll.ed c.tjLi.ndeJr. undvr. i.ntelr.YllLf.. pltU6U1Le". J .Ameri -

ean Roeket Society, 32, (1962), pp. 1249 - '255. 

[2J MAlTI, M. : 

AIAAJ, 11, 

"StJr.e.66U .in a.YIÁAotJwp.i.c.. non-homogeneo~ c.IjUMeJU>". 

(1973) , pp.1326 - 1328. 

[3J OLSZAK, W. and URBANOWSKI, W.: "The oJttho-tJwpy a.nd. the non ­ ho­

mogeneiltj ht tite theOJr..tj 06 plfUdi_c..i.:tJj". Arch. Meeh . Stos • ; 8 , 

(1956), pp.85 - 11 0. 

[4] HILL, R.: "A thwlLtj 06 the yi...e1.cLútg a.nd.. pi..a..6:ti...c. 6(ow on aY!. ­

i..6otJwp.i.c. me1:al..6". Proe. Royal Soc. , London; A193, (1948) pp . 

281 - 297. 

[5] HUNfINGT~ , H. B.: "The. ei.Lu:ti...c. Mn.6t.a.n.;iA 

Press Ine., N.Y. and Londan, (1958). 

oÓ cJtY6t:.aL6". Academic 


