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ABSTRACT 	 is a str iet inc l us ion . Benee for an arbi t r ary 
1 < P < co, Wiener' s class Vp is str ictly l arger 
tha n che elass VI ' 

The main objec t of t his paper is to obta in t he 
rate of convergence of Fourier series of a tunc t ion 
of Wiener 's c l ass. From our theorem we can deduce a 
generalized versi on of a t heo rem of Wiener. 2 . MAIN RElU l T 

Let f ~ V ( 1 2 p < 00) and l et 
RESUMEN p

El objeto principal de este traba j o 	es conse ­ S(O : le a + (a co s nx + b sin nx)
2 o n n

guir la rata de convergenc ia de serie de Fourier 
de f unc i one s de uase W:iener. S d a una versión 
generalizada del teorema de Wiener. be its Fourier ser ies. Wienec [2} prov d the fo l ­

lowing cheorem 

THEOREM A. If fE: (1 < p < CD) t hen 	S(f) converges
1. INTROÓUCTION 

a lmost everywllere P in [O , 21Tj . 	 . 

Recently R. Bojani c [1] g ve an estimate of 
~et f be a 2~-periodie fun et i oo definad on 

t he r ate convergence of Fourier series of f unet iona
(O, 2~j We set of bounded variation in the fol lowi ng forro : 

b 

V (f) - su) ~ 


P THEOREM B. lf f E: VI' then a i=l1 
3(f (x+O) + f(x-0 )}1 2 ; where suprema ha s been t aken with r espect to s l l 

partitions P : a = t o < tI < t ,2 < ... t n # b bof any 
segment [8,b ) contained in l 0 ,2 111. We call Vp (f) 
t he p-th total variation of f on la,b l. lf wea de­ k 
note p-th to tal var iatíon of f on [O, 2 11} by Vp( f). where VI ( gx (t » i s the fir s t total variat íon of 
then we can def ine Wiener' s elass simply by o 

g (t) f(x+t) + f(x-t) - f(x+O) - f(x-O) (3) 
} . (1) x 

and Sn(x) is the n-th par tial sum oE S(f). 
lt ia clear that VI is an or di nary class oi f une ­
tions of bounded variacion , introduced by JO rdan] . The main obj ect of t hi paper i s to obtain the 
The clasa Vp was first i nt r odue ed by N. Wiener (2 . rate of convergence of Four i e r series of ~ Vp 
He [2J showed t hat the f unctions of elas Vp (1 < p < 00) which is s tr i ctIy l a r ge r c ass chan the 
could only have s i mple discontinuit i s. We note elass VI ' To be precise, we prove che following
[3J chac theorem. 

THEOREM 1. lf f € V (1 < p < 00) , th n(1 < PI < P2 < 00) ( 2 ) 	 p 
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11 Now we consider 
n k 

!Sn(X) - 1/2 {f(x+O) + f (x-O »)! < ¿ v ( g ( t » 
'1 op x 

k;1 

fn [Enj
-11 (E) ( 71 ) 1: 

n 

fo r Ix! < 11 where M is a positive r ~~ l numb er. o k= l 

3. PROOF 

Since we can t..'ri te 

Sn (X) - 1/2 {f (x+O ) + f (x-O )} 

-1 J 11" s in nt11 s (t )d t + 0 (1)
x 

o ] s in nt d t + 
t+2kn/ n 


n-1

-1 sin nt g (t)dt + 0(1) 

t x "h-t 
11 ¿ 

k=O 
n lf [[¡;;nJ &x(t+(2k+1) ( 11 / n » ] 

+- 1: 
n 7 t+;-;2;;:kO""'/-~( t+ 2::-k...,. 1 :- n) - s i TI n t( :- n ) T ~~ +.,..)('"'1I:-/;-""'" d t 

k=1 

By cha ns e of variable the aboye e xpr ess i on can be 
writ te n into 

( 5) 

kTI 

(11) - 1 
Appl.ying FI;;1der' s i ne qua lity on t he Sllm of i nt e­
grand , we obtain,2: 

n 

J(:-1) 11" 
k=O n 

gX(t+2kll/n) gx (t + (2k+1)(1I/0») . 


( t+2kTI/ n - t + ( 2k+1 ) (n/ n) S1n nt d t+0 ( 1) 


J;(11 ) -1 

O 

1 Iq)1/q
\_ sin nt dt ( 6) 

sx (t+2k I n) _ sx (t+( 2k+1) (lI / n» )] 2kr. / n 
s i n nt + 00)( t+2kll/n t+ (2k+1) (lI/n) 

(7)[EnJ' [n/2] ] 
(11) -1 L + ¡: sin nt dt + 0(1 )[ 

k:ol [cn] +1 

becaus t he s eri s oI righ t ha nd s ide of (6) conver ­
ges fo r q "1, hence we can find a posi tive number 
~Il satisfying the aboye inequality (7 ) . 

1 ( E) + J ( E) + 0( 1) (4) 
n n And also 
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s in nt dt 



1 	 (El
n

2 

n / n [(....,] 
8x (t+(2k+l)( Tf/_n_) _ _ \Si n n t dt 

E 
n Jo (t+ 2kl' /n) ( t+ ( 2k+l) ( n /n)

k=l 

3E;¡
1 sup (gx (t) } 

n 
V ( g (t) ) H

2 
(8)~ n 	 oP x0<t <3 11 

where ~1 2 i s a pos it .L V I:! r a l number . Hence ro 111 ( 7) 

and (8) , obta in" 
:1 3(." ~12 3(., 

1 ( E:) < 
1 

V (g ( t ) ) + - V gx «() 
n n x no P oP 

31:'13 
< 

n 
V 

p ( gx (t) ) 	 (9) 

o 

~! l + N · S lmilar l y we can [HO V e cha t
2 

" 	 TI 

1J ( E) I V (g ( t» + l < 1 V 
n n oP x n - n oP 

( l a) 

Coll cting the te r ms ofí 9) and ( 10), we ob l ain 

Is (x) - 1/2 (f (x+O ) + [ (x-O) I 
n 

'h:-;¡ 
< 

M) 
\¡ (; ( t) ) + 1 

- ., noP o ~ 

'rr 
n 

1: 
~: :1 ¡; v< (gx ( t) ) 

op n 	 k=l 

where M i R a posi tive r ea l number. This co mpletes 
the proof oE our mai n th eo r em . 

t 

Si nce '"" (gx(t ») ís con t i ,lU ouS " hen f(x ) i s 
u· 

conti nuou!=> , ! t rollo ',·.'s th~!t 

1T 

n k 

¡; 
 as 

n 
k=l 

Thus we d educe t he following r esult whic h i s gene­
r a lized ve r sion oE Theo rern A due t o Wi ne r [2] ( cf. 
Zygmund 4] p .59) . 

COROLLA RY. lE f E Vp(l <p < ) then che Fouríer se ries 
oE f converges to 1/2- [ f (x+O ) + f( x- O)] at very 
x E[0 , 21T . In pa rtic ul a r, S(f) co nve rges to f( x) 
a t e very point x of c ontinu ity oE f of (l~< .. ).V p 
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