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Ab stract

In the pres ent pa per we give a frac tional gen er al iza tion of the Lauwerier for mu la tion of the bound ary
value prob lem of the tem per a ture field in oil strata. The Caputo frac tional de riv a tive op er a tor and the
Laplace trans form are the im por tant tools for solv ing the pro posed prob lem. By us ing Efros’ the o rem
which is a mod i fied form of con vo lu tion the o rem for Laplace trans form, the so lu tion is ob tained in an in te -
gral form with integrand ex pressed as con vo lu tion of aux il iary func tions of Wright’s type

Key words: Caputo’s frac tional de riv a tive, Laplace trans form, Efros’ the o rem, con vo lu tion the o -
rem, Wright’s func tion, aux il iary func tions, frac tional heat equa tion.

Una generalización fraccional de la formulación
Lauwerier para los problemas de las temperaturas

en pozos petroleros

Resumen

Este tra ba jo se tra ta de una ge ne ra li za ción frac cio nal del pro ble ma Lau we rier para es tu diar las tem -
pe ra tu ras en los po zos pe tro le ros. Se uti li za el ope ra dor frac cio nal de Ca pu to y la trans for ma da de La pla ce 
para ob te ner la so lu ción del pro ble ma del con tor no. El teo re ma de Efros, el cual es una ge ne ra li za ción del
teo re ma de con vo lu ción, se uti li za para ob te ner los resultados analíticos en términos de funciones tipo
Wright.

Palabras clave: De ri va da frac cio nal de Ca pu to, trans for ma da de La pla ce, teo re ma de Efros, teo re -
ma de con vo lu ción, fun ción de Wright, fun cio nes au xi lia res, ecua ción fraccional de
calor.

1. In tro duc tion

An oil stra tum is a po rous me dium (sand -
stone) which is sat u rated with oil. Dur ing the oil
ex trac tion pro cess the prob lem arises of de scrib -
ing the tem per a ture field u u x y z t= ( , , , ) pro cess
the prob lem arises, of de scrib ing the tem per a ture 
field of the strata when a hot fluid or steam is in -
jected into the strata.

Two cases of fluid in jec tion lin ear and ra dial 
are con sid ered. In the lin ear case, a hot fluid is

forced into the strata in the pos i tive and neg a tive
x-di rec tion with con stant ve loc ity through an in -
fi nitely long ver ti cal gal lery. In the ra dial case a
hot fluid is forced through an in fi nitely thin well
which is con sid ered as a lin ear source of in com -
press ible fluid with pos i tive vol ume rate.

The heat equa tion for a po rous me dium is
de rived in Antimirov et al. [1] and Rubinshtein [2]
un der sev eral gen er ally ac cepted as sump tions
on the model.The fol low ing three ap prox i mate
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for mu la tions of the tem per a ture field prob lem
are treated:

– The lum ped for mu la tion, whe re the ther -
mal con duc ti vity of the stra ta is in fi ni tely
lar ge in the ver ti cal di rec tion;

– The in com ple te lum ped for mu la tion,
whe re the ho ri zon tal heat trans fer in the
cap and base rocks su rroun ding the stra ta
is ne glec ted;

– The for mu la tion of Lau we rier, whe re the
ho ri zon tal heat trans fer in the oil stra ta is
also ne glec ted.

The re sult de rived in this pa per is mainly
based on Lauwerier for mu la tion, ini tially stud -
ied by H.A. Lauwerier [3] and solved in the lin -
ear case. Lauwerier for mu la tion has been de -
scribed in the book by Antimirov et al. [1]. It re -
lates to the tem per a ture field of a sin gle layer
stra tum in the case the ve loc ity of the heat
trans fer be tween the fluid and the skel e ton is fi -
nite, thus one has to con sider sep a rately the
tem per a tures u(x,t) and q(x,z,t) of the fluid and
the cap rock, re spec tively. The heat equa tion
for the re gions con tain ing the fluid and the
skel e ton re spec tively are de rived un der the
main as sump tion that in stead of hav ing two re -
gions con tain ing the fluid and the skel e ton sep -
a rately, there is just a sin gle re gion which is
taken to be a po rous me dium.

For a suf fi ciently large fil tra tion ve loc ity one 
can ne glect the heat trans ferred to the cap rock
and stra tum in the x-di rec tion in com par i son
with the heat trans fer in the z-di rec tion.

The Lauwerier for mu la tion for the lin ear
fluid in jec tion is given as;

¶

¶

¶

¶

Q Q

t z
x z t= < < ¥

2

2 0, , , , (1.1)

z
u

t

u

x
u= = - - -0: ( ),

¶

¶
g

¶

¶
a Q    0 < < ¥x t, , (1.2)

x
t z

k u x t= = m + - < < ¥0 0: ( ), ,
¶

¶

¶

¶

Q Q
Q , (1.3)

(a) x z u= = =0 1:
(b) u x z,Q ® + ® ¥0 2 2as

(c) t u= = =0 0: Q . (1.4)

Here the pos i tive con stants g a m, ,  and k are
de scribed a

– The cons tant g de pends on the vo lu me rate
of the hot fluid for ced into the stra ta, the
po ro sity spe ci fied as the ra tio of the po res
vo lu me to the who le vo lu me and the coef fi -
cient of ther mal con duc ti vity of the cap
rock;

– The cons tant a de pends on the po ro sity, the 
coef fi cient of ther mal con duc ti vity of the
cap rock and the vo lu mic heat ca pa city of
the fluid;

– The cons tant µ de pends on the coef fi cient of 
ther mal con duc ti vity of the cap rock and
the vo lu mic heat ca pa city of the ske le ton;

– The cons tant k de pends on the po ro sity and 
the vo lu mic heat ca pa city of the fluid and
the ske le ton.
A frac tional integro-dif fer en tial ap proach for 

this prob lem was pro posed ear lier by Yortsos and
Gavalas [4] and was also re cently im ple mented in
a dif fer ent con text by Akkutlu and Yortsos [5].
Fur ther, the frac tional gen er al iza tion of the prob -
lem in lumped as well as in com plete lumped for -
mu la tion have been stud ied in [6-8].

Re cently Boyadjiev, L., Kamenov, O. and
Kalla, S. [9] have stud ied frac tional gen er al iza -
tion of the above Lauwerier for mu la tion prob lem.

In the pres ent pa per we are con cerned with
fur ther ex ten sion of the work of Boyadjiev et al. [9]

The aim of this pa per is to solve the fol low -
ing frac tional gen er al iza tion of the prob lem given
by (1.1) to (1.4)

D
z z* ,2
2

2
b ¶

¶
l

¶

¶
Q

Q Q
= -  

0 0 0 1 2, , , , , /x z t < ¥ > < £l b , (1.5)

z D u
u

x
u= = - - -0 2: ( )*

b
g

¶

¶
a Q , 0 < < ¥x t,  ,(1.6)

z D Q
z

k u= = m + -0 2: ( )*
b ¶

¶

Q
Q , 0 < < ¥x t, , (1.7)

and the con di tions

(a) x z u h t= = =0 : ( )
(b) u x z,Q ® + ® ¥0 2 2as

(c) t u= = =0 0: Q , (1.8)

Rev. Téc. Ing. Univ. Zu lia. Vol. 30, No. 2, 2007

180 Garg



where we shall use the def i ni tion of frac tional de -
riv a tives by Caputo as given in Podlubny [10]

D f t m
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(1.9)

By us ing Laplace trans form of a func tion f(t) 
de fined as [11]

f p L f t e f t dt ppt( ) [ ( )] ( ) , Re( )= = >-
¥

ò 0
0

. (1.10)

The rule for frac tional de riv a tive of the
Laplace trans form reads as [10]

L D f t p L f t f pk k

k

m

[ ( )] [ ( )] ( ) ,*
a a a= - - -

=
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å 0 1

0
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m m- < £1 a (1.11)

and the in ver sion for mula for Laplace trans form
is

L f p
i

e f p dppt
i

i-

- ¥

+ ¥
= ò1 1

2
[ ( )] ( )

p
. (1.12)

2. Aux il iary Re sults

In this sec tion some im por tant re sults are
given which en able us to ob tain the so lu tion of
our pro posed prob lem.

Lemma 1. Efros’ The o rem [6, 12]

Let be given an a lytic func tions G(p) and q(p)
and the re la tions

F p L f t e G p L g tq p( ) [ ( )], ( ) [ ( , )]( )= =-t t . (2.1)

Then

G p F q p L f g t d( ) ( ( )) ( ) ( , )=
é

ë
ê

ù

û
ú

¥

ò t t t
0

. (2.2)

In the par tic u lar case q p p( ) =  it gives the
well known con vo lu tion the o rem for the Laplace
trans form.

Fur ther, if G p( ) =1 then the The o rem as -
sumes the fol low ing form if F p L f t( ) [ ( )]=  and 
e L g tq p- =t t( ) [ ( , )] then

F q p L f g t d( ( )) ( ) ( , )=
é

ë
ê

ù

û
ú

¥

ò t t t
0

The fun da men tal so lu tion of the ba sic
Cauchy prob lem for the time frac tional dif fu sion
equa tion (1.5) at l = 0 can be ex pressed by an
aux il iary func tion de fined as [9, 13, 14]

M z
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e dz

H

( ; ) ,b
p s

sb
s s b
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1
2

1
1   0 1< <b , (2.3)

where H de notes the Hankel path of in te gra tion
that be gins at s = -¥- >ib b1 1 0( ), en cir cles the
branch cut that lies along the neg a tive real axis
and ends up at s = -¥+ >ib b2 2 0( ). It is also
proved that

M z W z( ; ) ( ; ; )b b b= - -1 ,

whe re
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20

l > - m >1 0, ,

is an en tire func tion of z re ferred to as the
Wright’s func tion [15, 16] func tion.

In the par tic u lar case for b =
1
2
 and b =1 it

holds [14]

M z e z; /1
2

1 2 4æ

è
ç

ö

ø
÷= -

p
 and M z z( , ) ( )1 1= -d

re spec tively, (2.4)

where d de notes Dirac delta func tion.
Now we in tro duce an other aux il iary func -

tion of Wright’s type de fined as [9]

N z W z
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e
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H

( ; ; ) ( ; , )b u b u
p
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In par tic u lar for u b= =1
1
2

,
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N z H t z( ; ; ) ( )
1
2

1 = - , (2.6)

where H de notes the Heaviside step func tion.

Lemma 2

If  0
1
2

< £b  and 0 < < ¥t z, ,t , then we have

the fol low ing re sults for Laplace trans form
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Proof

Part (i) and (ii) fol low from [9, 13].

To prove part (iii) we use Efros’ the o rem. Let
us first ex press
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Next to find in verse Laplace trans form we
use (i) for 0 2 1< <b , then it can be de duced that
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Now ap ply ing Efros’ the o rem we get the re -
sult (iii) us ing the func tions given in (2.15) and
(2.17).

To prove part (iv) we put
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The known for mula [11] yields
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Func tions de duced in (2.18) and (2.19)
when ap plied in Lemma 1 give the re sult (iv).

3. Frac tional gen er al iza tion
of Lauwerier for mu la tion

The o rem

The so lu tion of the prob lem of the
Lauwerier for mu la tion (1.5), (1.6), (1.7) and (1.8)
is given by
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Func tion ¢h t( ) de notes de riv a tive of the
func tion h t( ).

( )W( , , ; ; ) ( ) ( ) ( ) ( , , ; ; )t z h t h t g t xt b l d t b= ¢ + * *0 12

             g t z3 ( , , ; ; )t b l . (3.4)

Here * de notes the con vo lu tion of func tions
for Laplace trans form.

Proof

Let us ap ply Laplace trans form to (1.5),
(1.6), (1.7) and (1.8). Then with the help of the for -
mula (1.10), we ob tain
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The so lu tion of (3.5) re mains bounded as 
z ® ¥ and is given by
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where un known func tion B x p( , ) is de ter mined
by sub sti tut ing (3.9) into the con di tions (3.6) and
(3.7) in the fol low ing form
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and
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The so lu tion of the above equa tion un der
the con di tion (3.8) (a) is given as
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using (3.11) and (3.12) in (3.9) we get
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To find the tem per a ture field func tion u x t( , )
for the fluid in jected into the strata we shall ap ply 
Lemma 1 (Efros’ the o rem) by rep re sent ing
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we use the well known re sult [17]
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and by Lemma 1 the func tion f t( ) is de duced.
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To find the in verse Laplace trans form of
(3.16) we shall sim plify its terms in the fol low ing
form us ing the con vo lu tion the o rem, Lemma 1
and Lemma 2

p h p e e

x
p p
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(3.17)
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÷ - +
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{ }[ {L h t h t g t x¢ + * - +( ) ( ) ( ) ( , , ; ; )0 1 22d t b b

} ]l
t b t b l

2

2 44
1g t x g t( , , ; ; ) ( , ; ; )* . (3.18)

h p e e

x
p p

( )
- +

æ

è
ç
ç

ö

ø
÷
÷ - +

=
g

t mt
lb b2 2
2

4

{ }L h t h t g t x g t z¢ + * *( ) ( ) ( ) ( , , ; ; ) ( , , ; ; )0 12 3d t b t b l .
(3.19)

We can write (3.16) on tak ing into ac count
(3.17), (3.18) and (3.19) as

e G p e L Y tq q

x
k

-
- - -

æ

è
çç

ö

ø
÷÷

=t b

a

g

lm
t

b t b l( ; ) ( ; ) [ ( , ; , )]2 , (3.20)

func tion Y is de fi ned by (3.3). The ap pli ca tion of
Lem ma 1 leads di rectly to the so lu tion (3.1).

Fol low ing the same tech nique we ex press
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[ ]Q( , , ) ( ; ) ( ; )x z p F q p G p= b b1 , (3.21)

whe re [ ]F q p( ; )b  is de fi ned by (3.14) and

G p kh p e e e
x z x
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=
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.

Fur ther more

e G p ke eq p
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4 .

As a di rect con se quence of con vo lu tion the -
o rem and the lemma 2 we ar rive at

[ ]L e G p ke eq p

x z
k
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è
ç
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÷
÷ - -

æ

è
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=1
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2 2t b
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t

                       W t( , ; ; )t b l . (3.22)

Func tion W is given by (3.4).

Then the so lu tion (3.2) is ob tained with the
help of (3.21), (3.22) and Lemma 1.

4. Spe cial cases

Cor ol lary: If we put b =
1
2
 in the The o rem

the prob lem re duces into the fol low ing form:
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¶
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Q Q Q
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2 0, , , , (4.1)

z
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¶
g
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¶
a Q , (4.2)

z
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k

Q Q
Q (4.3)

and the con di tions

(a) x z u h t= = =0: ( )
(b) u, Q ® 0  as  x z2 2+ ® ¥, (4.4)

(c)t u= = =0 0: Q .

And the so lu tion is given by
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and
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whe re
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and
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Proof: To cal cu late the value of Y t, , ;t l
1
2

æ

è
ç

ö

ø
÷

and W t u z, , ; ;
1
2

l
æ

è
ç

ö

ø
÷ as given by (3.3) and (3.4) on

tak ing b =
1
2
, we shall need the fol low ing val ues

which can be ob tained with the help of Lemma 2,
re sults (2.3) to (2.7) for aux il iary func tions M, N
and prop er ties of Heaviside step func tion and
Dirac delta func tion [2]
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Then
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Let us sim plify the terms as fo llow
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Si mi larly
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Fur ther
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which is a di rect con se quence of the re sult [1,
p.113].

Sim i larly
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Af ter some sim pli fi ca tions we can write 
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÷ as given in (4.7)

Next,
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which is ex pressed by (4.8), af ter sim pli fi ca tion.
If we take l = 0 and h t( ) =1 in the The o rem

then it re duces to the form stud ied by Boyedjiev
et al. [9] and the so lu tion is the di rect con se -

quence of the main re sult fol lowed by the facts
given be low.

Since, the Dirac delta func tion d( )t  is con -
sid ered as a unit el e ment for the con vo lu tion
prod uct [12], the ex pres sions (3.3) and (3.4) re -
duce to the form:
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From Lemma 1 (i) and (ii), for l = 0
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So that we can write
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Again by (ii) and (iv)
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(iii) On tak ing l = 0 and 2 1b =  in the The o -
rem or tak ing l = 0 in the Cor ol lary, we get the so -
lu tion given in Antimirov et al. [1].

5. Dis cus sion and Con clu sions

Tem per a ture field prob lems in oil strata is
one of the sub jects for re search among var i ous
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au thors.In con tin u a tion of the ear lier work done
in re gard to this sub ject the pres ent pa per is on
the frac tional ex ten sion of the Lauwerier for mu -
la tion of the tem per a ture field prob lem in oil
strata where the def i ni tion of Caputo frac tional
de riv a tive is used.The study on the sub ject of
tem per a ture field in oil strata is at tended in three
cat e go ries namely (i) the lumped for mu la tion (ii)
the in com plete lumped for mu la tion and (iii) the
Lauwerier for mu la tion.In the first two cat e go ries
the work is done by Antimirov [6], Ben Nakhi and
S.L. Kalla [7], Boyadjiev and Scherer [8]. Si mul ta -
neously in the third cat e gory work has been done
by A.H. Lauwerier [3] and some sim i lar work is
ex e cuted by Y.C. Yortsos and G.R. Gavalas [4]. It
con tin ued when a frac tional gen er al iza tion of the
prob lem came to be at tended by Boyadjiev et al.
[9]. In the pres ent work I in tend to in tro duce one
more term con tain ing the con stant l in the gov -
ern ing frac tional dif fer en tial equa tion and a
func tion h t( ) in the con di tion and tried to make
the prob lem more gen eral and ad van ta geous.The 
so lu tion as ar rived at is ex pressed in the form of
an in te gral wherein the integrand is con vo lu tion
of some in ter est ing func tions of Wright’s type and 
the method of so lu tion is mainly based on
Laplace trans form. The pa per interalia con tains
in it as a cor ol lary the so lu tion of an other new
prob lem of Lauwerier for mu la tion ob tained on

tak ing b =
1
2
 in the main B.V.P. In afore said so lu -

tion when we have used l = 0 and h t( ) =1 we ar -
rive at the prob lem dis cussed in Antimirov et al.
[1]. Ad di tion ally on us ing the above sub sti tu tions 
in the main the o rem we ob tain the same re sults
given in Boyadjiev et al. [9].

In clu sion of some nu mer i cal in ter pre ta -
tions and fig ures is un der con sid er ation and
shall form part of next com mu ni ca tion.
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